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Abstract 

We give a purely algebraic construction of a cohomological field theory associated 
with a quasihomogeneous isolated hypersurface singularity W and a subgroup G of 
the diagonal group of symmetries of W. This theory can be viewed as an analogue of 
the Gromov-Witten theory for an orbifoldized Landau-Ginzburg model for W/G. The 
main geometric ingredient for our construction is provided by the moduli of curves 
with W-structures introduced by Fan, Jarvis and Ruan. We construct certain matrix 
factorizations on the products of these moduli stacks with affine spaces which play a role 
similar to that of the virtual fundamental classes in the Gromov-Witten theory. These 
matrix factorizations are used to produce functors from the categories of equivariant 
matrix factorizations to the derived categories of coherent sheaves on the Deligne- 
Mumford moduli stacks of stable curves. The structure maps of our cohomological field 
theory are then obtained by passing to the induced maps on Hochschild homology. We 
prove that for simple singularities a specialization of our theory gives the cohomological 
field theory constructed by Fan, Jarvis and Ruan using analytic tools. 
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Introduction 

The notion of a cohomological field theory was introduced in [34] (see also [41]) to axiom- 
atize properties of quantum cohomology and Gromov-Witten invariants and to provide a 
basis for formulating some mathematical aspects of mirror symmetry. Recall that a (com- 
plete) cohomological field theory (CohFT) is an algebraic structure on a vector space 3f 
(called the state space of the theory) with a collection of operations indexed by homology 
classes of the Deligne-Mumford moduli spaces Mg^n of stable curves with marked points. 
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The main example of a CohFT is provided by the Gromov-Witten theory associated with 
a smooth projective variety X (or more generally, with a compact symplectic manifold). In 
this context mirror symmetry can be viewed as an isomorphism of CohFTs originating from 
two different geometric inputs (the so called A- and B-models, where the GW-theory corre- 
sponds to the A-model and the B-model is related to deformations of complex structures of 
X). The part of the CohFT data corresponding to genus zero curves can be described as a 
formal Frobenius manifold structure, which leads in the case of GW-theory to the notion of 
quantum cohomology, a certain deformation of the cohomology ring of X. Through Frobe- 
nius manifolds CohFTs are related to integrable hierarchies of systems of partial differential 
equations (see [9]). 

The first example of CohFTs besides GW-theory was provided by the theory of r-spin 
curves constructed in [60], [61], [23], [48] and [47] (see also [42]). The corresponding Frobenius 
manifolds are isomorphic to the ones constructed by Saito for simple singularities of type 
Ar-i, and the corresponding integrable hierarchies are the Gelfand-Dickey hierarchies (see 
[23], [12]). 

Starting from the work of Givental [20] it was realized (see [12], [56]) that an arbitrary 
generically semisimple Frobenius manifold extends to a unique CohFT . This construction 
can be applied to Saito's Frobenius manifold of any quasihomogeneous isolated singularity 
w to give a CohFT for such a singularity, which corresponds to the B-side of the Landau- 
Ginzburg model related to w (see [39]). A CohFT corresponding to the A-side for these LG- 
models was recently constructed by Fan, Jarvis and Ruan in [14], [15]. Their construction 
is based on the study of a certain PDE over coverings of moduli spaces of stable curves 
(that generalize the moduli spaces of r-spin curves) . More precisely, they construct a virtual 
fundamental cycle on the moduli space of solutions of this PDE corresponding to a hnear 
perturbation of the potential w. The dependence of this virtual class on the perturbation 
is governed by the state space of the theory which is given by the orbifoldizcd Milnor ring 
of {w,G) (see [59], [28]), where G is a finite group of diagonal symmetries of w. One 
of the main results of [14] is that in the case of ADE simple singularities this CohFT is 
isomorphic to Givental's CohFT associated with Saito's Frobenius manifold of the dual 
singularity (which is the same singularity for the series E and for series D with non-maximal 
symmetry group). Using the work of Frenkel-Givental-Milanov (see [21], [17]) it is shown in 
[14] that the associated total potential function is a r-function of the corresponding Kac- 
Wakimoto hierarchy. Another recent result on the mirror symmetry for the Landau-Ginzburg 
models is due to Krawitz [35] who established the isomorphism between Frobenius algebras 
associated with A- and B-side of the dual invertible quasi-homogeneous potentials. 

In this paper we present a purely algebraic (and perhaps more general) version of the 
FJR-theory. The main role in our construction is played by matrix factorizations. These are 
generalizations of complexes obtained by replacing the condition dP — Q with dP — w (see 
[11], [5]). Matrix factorizations appeared in physics in connection with open-closed topolog- 
ical string theories (see [24], [25], [26]). They are also related to an important invariant of 
the potential the singularity category (see [43], [54], [40]). The category of matrix fac- 
torizations for an isolated singularity fits naturally into the framework of noncommutative 
geometry developed from the point of view of dg-categories or Aoo-algebras (see [10], [27]). 
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Our main construction gives a CohFT whose state space is built from the Hochschild 
homology of the dg-categories of equivariant matrix factorizations associated with a quasi- 
homogeneous isolated singularity w and a finite group of symmetries G. This CohFT carries 
a priori more information than the FJR-theory: it is a CohFT with coefficients in the rep- 
resentation ring R of G. Conjecturally, the reduced theory obtained by the specialization 
i? — )■ C is equivalent to the FJR-theory. We show that this is true for all simple singularities. 

Let w{xi, . . . , Xn) be a quasihomogeneous polynomial with an isolated singularity at the 
origin. We fix the degrees of quasihomogeneity dj = deg{xj) and we set Qj — dj/d, where 
d — deg{w). We denote the Milnor ring of w by — C[xi, . . . , Xn\/{diW, . . . , 9„iy) and 
set 

H{w) — A^v (g) {dxi A ... A dxn)- 

This space is canonically isomorphic to the Hochschild homology of the category of matrix 
factorizations of w. Let G^, C (C*)" be the group of all diagonal symmetries of w. For 
each 7 G G^j consider the subspace of invariants (A")'^ C A" and set Then 
to-y still has an isolated singularity at zero. Let G C G^ be a finite subgroup containing the 
exponential grading element 

J = {exp{2mqi), exp(27rig„)) e Gyj, 

and let R — C[G] be the representation ring of G. Our construction associates with such G 
a CohFT with coefficients in R on the state space 

G)= H{w^,yf, 
7,7'eG 

where w^^^i is the restriction of w to the subspace of invariants (A")'^^^''^'^' C A". We view 
this space as an i?-module via the G-grading given by 7'. The component corresponding 
to 7' = 1 admits a certain twist by a Todd class, and conjecturally this reduced CohFT is 
isomorphic to the FJR-theory. In [8] the FJR-theory for the quintic threefold is related to a 
certain specialization of the corresponding Gromov-Witten theory. One can speculate that 
our CohFTs associate with other elements 7' G G are also related to some specializations of 
the Gromov-Witten invariants in the Calabi-Yau case. 

As in [14] , the main geometric ingredient of our construction is the moduli stacks of the so- 
called lo-curves which are orbicurves 6 with marked (orbi-)points together with a collection 
of line bundles £1, . . . , satisfying certain constraints coming from the monomials of w. 
However, we observe that these coverings should really be viewed as an attribute of the 
group of symmetries G rather than of the potential w. More precisely, we reformulate the 
notion of a ly-structure using principal F-bundles, where F is an extension of by G. This 
leads to the moduli stacks of F-spin curves that replace lu-curves considered in [14]. This 
technical device allows us to remove the assumption that Gw is finite imposed in [14] and to 
show that every finite subgroup of G^ containing J is admissible in the sense of [14]. 

Our results give also a categorification of these CohFTs in a certain weak sense. Namely, 
we construct a collection of functors inducing the CohFT maps after passing to Hochschild 
homology (up to rescaling). These functors are given by kernels which are certain matrix 
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factorizations, called fundamental matrix factorizations, on the product of the moduli spaces 
of F-spin curves with affine spaces. In some sense these fundamental matrix factorizations 
play a role similar to that of the virtual fundamental class in the GW-theory. The factor- 
ization axiom holds on the categorified level after passing to appropriate finite covers of the 
relevant moduli spaces. It seems plausible that there should also be a version of quantum 
K-theory in our setup (see [38]). 

Note that representations of functors between categories of matrix factorizations by ker- 
nels are discussed extensively in the work of Ballard, Favero and Katzarkov [4] (in the context 
of graded algebras), where the authors give interesting applications to Homological Mirror 
Symmetry and Hodge theory. 

One of the obstacles that prevents us from comparing the specialization of our CohFT 
at 7' = 1 with the FJR-theory is that we were able to prove the analog of the Dimension 
Axiom of [14, Sec. 4] only in some special cases. In particular, we verified it for all simple 
singularities, which together with the computation of the corresponding Frobenius algebras 
enables us to show that in this case our reduced CohFT is isomorphic to that of Fan-Jarvis- 
Ruan (sec Section 7). 

The paper is organized as follows. In Section 1 we review basics of the theory of matrix 
factorizations. In particular, we discuss the relation between the derived category of matrix 
factorizations and the singularity category, prove auxiliary results about push-forwards of 
matrix factorizations and establish some properties of Koszul matrix factorizations, crucial 
for our main construction. In Section 2 we specialize to the case of a quasihomogeneous 
isolated singularity. We consider the dg-category of equivariant matrix factorizations and 
compute its Hochschild homology space with the canonical pairing. We also discuss functors 
between categories of matrix factorizations given by kernels. In Section 3 we recast the notion 
of a ly-structure from [14] in terms of torsors over some commutative algebraic groups and 
consider the corresponding moduli stacks of F-spin curves. Section 4 is the technical core 
of the paper. Here we construct the fundamental matrix factorization over the product of 
the moduh space of F-spin curves with an affine space. The construction shares some of the 
features with the construction of the Witten's top Chern class in [48] , however, it uses also 
some new ingredients, notably the push-forward of matrix factorizations. Also, the proof 
of independence of the fundamental matrix factorization on choices of resolutions is based 
on a different idea (we use properties of regular Koszul matrix factorizations). In Section 5 
we define the CohFTs associated with a pair {w, G) using the functor associated with the 
fundamental matrix factorization and passing to the induced map on Hochschild homology. 
We also prove for our theory analogs of all properties established in [14, Sec. 4] for the FJR- 
theory except the Dimension Axiom (see 5.6). In Section 6 we give a recipe for calculating 
genus zero three-point correlators for our theory which are responsible for the Frobenius 
algebra structure on the state space. In Section 7 we compute all such correlators in the 
case when lo is a simple singularity of type A, D, Eq, Ej or E^. We also prove in Section 
7.6 that our reduced CohFT is isomorphic to the FJR-theory in this case. In Appendix we 
discuss the constructions of functoriality for Hochschild homology. In particular, we prove 
that the construction used in [49] is compatible with the standard one (see Theorem 8.0.3). 

Notation and conventions. We work with schemes and stacks over C and all our (dg-) 
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categories are C-linear. For a finite abelian group G we denote by G the dual abelian group. 
For a commutative algebraic group F we denote by X(F) the group of characters of F. We 
say that a triangulated category 2) is generated by a set of objects {E.-^) if the minimal 
full triangulated subcategory containing Ei and closed under taking direct summands is the 
entire D. For an additive category 6 we denote by Com(C) the category of complexes over 

e. 

We always assume that our algebraic stacks are Noetherian and semi-separated. For such 
an algebraic stack X we denote by Coh(X) (resp., Qcoh(X); resp., D^{X)) the category of 
coherent sheaves (resp., quasicoherent sheaves; resp., bounded derived category of coherent 
sheaves) on X. By [2, Cor. 2.11], D^{X) is equivalent to the full subcategory of the bounded 
derived category of Ox-modules consisting of complexes with coherent cohomology. By a 
vector bundle on a stack we mean a locally free sheaf of 0-modulcs of finite rank. 

Acknowledgments. Both authors would like to thank the IHES, where part of this work 
was done, for hospitality and stimulating atmosphere. At various stages of this project we 
benefited from conversations with Alessandro Chiodo, Alexander Givental, Bernhard Keller, 
Maxim Kontsevich, Dmitry Orlov, Tony Pantev and Leonid Positselski. We are also grateful 
to Matthew Ballard, David Favero and Ludmil Katzarkov for sharing with us a preliminary 
version of their work [4]. The first author was partially supported by the NSF grant DMS- 
1001364. 

1 Matrix factorizations on stacks 

In this section we review the theory of matrix factorizations on stacks from [50]. We also 
establish some technical results on push-forwards of matrix factorizations and on Koszul 
matrix factorizations. 

1.1 Categories of matrix factorizations 

Let us recall some basic definitions from [50]. 

Definition 1.1.1. Let X be an algebraic stack, L a line bundle on X, and W e H'^{X, L) 
a section (called a potential). A matrix factorization E = [E,,(),) of W on X consists of 
a pair of vector bundles (i.e., locally free sheaves of finite rank) Eq, Ei on X together with 
homomorphisms 

Si : El Eq and Sq : Eq ^ Ei ^ L, 

such that 6o6i = ■ id and SiSq = W ■ id. 

Sometimes we will assume that the potential W is not a zero divisor, i.e., the morphism 
W : Ox — > 1/ is injective. 

In the case W = we have ^o^i = ^i^o = 0, so we can define cohomology of a matrix 
factorization E by 

H%E) = keT{So)/Si{Ei), H\E) = ker{5i) / 5^{E^ ® L'^). (1.1) 
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Definition 1.1.2. We define the dg-category MF(X, H^) of matrix factorizations of W as 
follows. For a pair of matrix factorizations E and F we define a Z-graded complex of 
morphisms JiomMpiE, F) by setting 

:KomMF{E, F)^^ = Hom(£;o, Fq ^ L^) © Hom(£;i, Fi ® L"), 

:KomMF{E, = Hom(£;o, Fi (g) L"+^) © Hom(Fi, Fq L"). 

The differential on IKomMF(F, F) is given by 

df^SFof-{-lf\fo5E. (1.2) 

We denote by EMF{X, W) — if°MF(X, TV) the corresponding homotopy category. We 
will usually omit X from the notation. As in the standard case considered in [43] the category 
HMF(1/F) has a triangulated structure (see [50, Def. 1.3]). 

One can conveniently write the complexes !KomMF{E, F) using the half-twist notation 
(see [50, Def. 1.2]): 

J{omMF(F, FY = Hom,^od2(F(LV2), f(lV2) (g, L^/^), 

where Ei^L^/"^) = Fq © (Fi ®L^/'^) and Homjinod2 denotes morphisms of Z/2-graded bundles, 
homogeneous of degree imod2. 

We also consider the dg-category MF°°(X, W) and the corresponding homotopy cate- 
gory HMF°°(X, W^) of quasi-matrix factorizations defined using locally free sheaves of not 
necessarily finite rank (see [50, Def. 1.4]). An even larger dg-catcgory QMF(X, 1^) of qua- 
sicoherent matrix factorizations is obtained if we allow Eq and Fi to be arbitrary quasico- 
herent sheaves. This category is featured prominently in more recent treatments of matrix 
factorizations in the non-affine case (see [54] and [40]). We will mostly use it in the case 
when 1^ = 0. Note that in this case we have a natural class of quasi- isomorphisms in the 
corresponding homotopy category (defined using the cohomology (1.1)). Localizing with 
respect to quasi-isomorphisms we get the derived category DQMF(X, 0). We denote by 
DQMFg(X, 0) C DQMF(X, 0) the full subcategory of quasicoherent matrix factorizations 
of with coherent cohomology. Similarly, replacing quasicoherent sheaves with coherent 
sheaves one can talk about coherent matrix factorizations of and define the derived cate- 
gory of coherent matrix factorizations DCMF(X, 0). 

Let us introduce some natural operations on matrix factorizations. 

For a bounded complex of vector bundles on X, {C',6c), and a quasicoherent matrix 
factorization F = (F,, 5,) of 1^ e H^{X, L) we define the matrix factorization C* ® E oiW 
by setting 

(C ® E){L'/^) = C{L-'/^) ® E{L'/^), (1.3) 

with the differential 5(7(g)id + id where C(L"^/^) = ©ngzC"®/.""/^ with the Z/2-grading 
induced by the Z-grading and the induced differential Sc '■ C(L~^/^) C(L~^/^) L^/^. 
Explicitly, 

(C (g) E)i = ©„gzC" ® E{L'/\+i (8) L-("+^)/^ for i = 0, 1. 
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Note that we have natural isomorphisms 

(C*[l]) (2) ^ ~ C" (2) (^[1]) ~ (C (8) ^)[1]. 

With a quasicoherent matrix factorization E = {E,, 5,) we associate a Z-graded complex 
of vector bundles on Xq 

com(^) : ...^iEo<» L-^)\xo — E^\x, — E^U — (E^ ® L)Uo ^ ■ ■ ■ (1-4) 

where 5i is induced by and £^oUo is placed in degree (for quasi-matrix factorizations 
this construction was considered in [50, Sec. 1]). By [50, Lem. 1.5], this complex is exact 
provided W is not a zero divisor and is a quasi-matrix factorization. This construction 
extends to a dg-functor 

com : QMF(iy) ^ Com(Qcoh(Xo)) 

that induces an exact functor between the corresponding homotopy categories. It is easy to 
see that for a bounded complex C of vector bundles on X one has a natural isomorphism 
of complexes on Xq 

com(C" (8) ^) ~ C'lxo ®0xo com(E). (1.5) 
In the case W = the complex com(^) satisfies 

com(^) = H^{E) (8) L", //^""^ com(^) = H^{E) ® L". 

In particular, a closed morphism q of quasicoherent matrix factorizations of is a quasi- 
isomorphism if and only if com(g) is a quasi-isomorphism. 

Definition 1.1.3. For a pair of potentials W, W e H^{X, L) the tensor product dg-functor 

MF(W^) ® MF{W') MF{W + W) 
is defined as follows. For E = {E, Se) and F = {F, dp) we set 

{E <^ F)o ^ Eo <S> Fo ® El <^ Fi <^ L and Eo <S> Fi ® Ei (S> Fo (1.6) 
with the differential is induced by 6e and dp. Note that 

{E (8) F){L^/^) = E{L^/^) (g) F{L^/^). 

Definition 1.1.4. For a bounded complex {C',6c) of vector bundles and a line bundle L 
on X let us define (mf(C*), 5), a matrix factorization of e H^{X, L), by setting 

mf(C')o = 0(:7'"®L-", mf(C')i = 0C'"-^®L-" (1.7) 

n n 

with the differential S induced by Sc- 
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A straightforward check shows that the tensor product operations (1.3) and (1.6) are 
consistent. 

Lemma 1.1.5. One has a natural isomorphism 

C*®E^ mf (C) ® E 

in y\F{W), on the left we use the operation (1.3). Hence, by (1.5) we have 

com(mf (C) (g) £^) ~ C*\xo O com(£^). 

□ 

We have the duahty dg-functor 

MF{W) MF{-W) (1.8) 

sending E = {E,Se) to E* = {E{L^/^y{L-^/^),S*). In other words, the even part of E* is 
E^ and its odd part is E]^ (g) L~^. 

Lemma 1.1.6. For a pair of matrix factorizations E and F in MF{X,W) we have an 
isomorphism of complexes 

:KomMF{E, F) ~ H%X, com{E* ® F)), 
where E* ^ F e MF{X, 0). 

□ 

For a morphism of stacks f : X' ^ X , a, line bundle L over X and a section W e H^{X, L) 
we have natural pull-back functors on matrix factorizations: a dg-functor 

/* : MF(X, W) MF(X', f*W), 

where f*W is the induced section of f*L on X\ and the induced exact functor 

/* : HMF(X, W) HMF(X, f*W). 

Definition 1.1.7. The external product oi {X,W) and {X\W') (where W G H'^{X,L) and 
W e H^{X\L')) is defined as a pair {U,W®W'), where U ^ X x X' is the G^-torsor 
associated with the hne bundle L' ® L^^. Let pi : U ^ X and p2 : U ^ X' he the natural 
projections. Then we have an isomorphism Lu — p\L P2L' , and we define 

w®w' = pIw + p;w' e H\U, Lu). 

Combining the pull-back and tensor product functors defined above we obtain the external 
tensor product functor 

MF{X, W) MF{X', W) MF{U,pIW + p^W). (1.9) 

We can define Koszul matrix factorizations {a, ^} in our setting (see [33], [49]). 
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Definition 1.1.8. Let X, L and W be as above, and let be a vector bundle V on X. For 
global sections 

H^{X,V ®L), pe H^(X, V") such that {a, p)^W 
we define define the Koszul matrix factorization {a, (3} of W by 

{a,P}^[f\{V®L'l'){L-"%5^,p) , (1.10) 

with the Z/2-grading on /\*{V <^ L^/^) induced by the Z-grading. The differential is given 
by 

where is the contraction by (3. 
Exphcitly, 

{a,/3}o = Ox©(aV®L)©(aV®L2)®..., 
{a, = y © (A V (8) L) © (A V ® L^) © . . . . 

Lemma 1.1.9. For a e -f/"°(X, F (g) L) let 

K'{a) = (/\ V <^ L), aAl) (1.11) 
6e ^/ie Koszul complex. Then one has an isomorphism of matrix factorizations in MF(0) 

{a,0} ~ mi(K'(a)). 

The proof is straightforward. 
1.2 Equivariant matrix factorizations 

Let X be a stack and T an affine algebraic group acting on X. Let also be a regular 
function on X, semi-invariant with respect to F. Thus, we have a character % : F — > 
such that 

■ x) = x{^)W{x) 

for 7 e F, X e X. Recall that V-equivariant matrix factorizations ofW with respect to the 
character x ^-i"® defined as pairs of F-equivariant vector bundles Eq, Ei on X together with 
F-invariant homomorphisms 

5i : El ^ Eq and 5o : Eq ^ Ei^ x, 

such that 6o6i = ■ id and 6i6o = W ■ id. 

The dg-category MFr,j^(X, W) of F-equivariant matrix factorizations is naturally equiv- 
alent to the category MF(X/F, 1^), where W is the section induced by W of the line bundle 
over X/r associated with x (see [50, Prop. 2.2]). 
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Example 1.2.1. Let y be a F-equivariant vector bundle on X. For F-invariant sections 
a e H°{X, V®x)^ and /3 e H°{U, V^)^ the Koszul matrix factorization {a,/3} (see (1.10)) 
is F-equivariant. 

We will often consider the following special situation. Let F be a commutative algebraic 
group with a surjective homomorphism x : F — > such that G :— ker(F) is finite, and let 
X be a stack with the trivial action of F. 

Let Xi, . . . , G F be a system of representatives for the cosets of the subgroup (x) C F 
of characters of F. A F-equivariant quasicoherent matrix factorization E consists of a pair 
of F-graded quasicoherent sheaves 

Eo = ©^gr-^o,^, El = ©^gpE^i^^ 

and a differential S on Eq Q) Ei, such that 

5{Ei,^) C Eo,^ and 5{Eo,^) C E^^^^-i. 

Now we associate with E the complex of G-equivariant quasicoherent sheaves on X 

d 

comG(£') := ^^com(£');^., where (1-12) 

i=l 

com{E)^^ : ... ^o,x.x ^ ^i,x. ~^ ^o,x» ^ ^i.x.x-^ ^o.x.x-^ ~^ • • • 
where the action of G is given by restricting the action of F. Note that we have an isomor- 
phism of Z/2-graded complexes 

comG(£') ~ E,. 

This imphes the following result. 

Proposition 1.2.2. In the above situation the functor 

coma : QMFr,^(X, 0) ^ Com(Qcohc(X)) 

is an equivalence of dg- categories, which restricts to an equivalence 

MFr,x(^,0) ^ Com''(BunG(X)), 

where BunG(X) is the category of G-equivariant vector bundles on X and Com''(?) de- 
notes the category of bounded complexes. The functor come '^^■^'^ induces an equivalence 
between the derived category of quasicoherent matrix factorizations with coherent cohomol- 
ogy DQMFg(X/F,0) and the derived category D^^QcohQ^X)) of complexes with bounded 
coherent cohomology. 

Remark 1.2.3. If we choose xi to be the trivial character then the G-invariant part of 
comG(£') is isomorphic to F-invariants of the complex com(£') (see (1.4)). 

Remark 1.2.4. In the above situation let G* be a bounded complex of F-equivariant vec- 
tor bundles on X. Recall that we can associate with it a matrix factorization mf(C) e 
MFy,x{X,Q) (see (1.7)). Then we have natural isomorphisms of G-equivariant sheaves 

//^^^"comG(mf(G*)) ~ H^{mi{C')) ~ i^^^'^"(G*), 
//°''''comG(mf(G*)) ~ H^{mi{G')) ~ H'"^<^{G'). ^ ' 
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1.3 Connection with categories of singularities 

As was proved by Orlov [43] , the homotopy category of matrix factorizations of a nonzero 
function on a smooth affine variety X is equivalent to a certain triangulated category 
-Dsg(Xo) that "measures the singularity" of the hypersurface Xq = {W = 0). The singularity 
category Dsg{XQ) is the quotient of the derived category D'^{Xq) of coherent sheaves on Xq 
by the subcategory of perfect complexes. This definition also makes sense for stacks. In [50] 
we proved an extension of Orlov's result to smooth stacks (satisfying certain technical as- 
sumptions) by replacing the homotopy category of matrix factorizations with the appropriate 
derived category (see below). The stacks that we allow are called FCDRP-stacks (see [50, 
Def. 3.1]), where FCD stands for "finite cohomological dimension" and RP for "resolution 
property" . 

Let X be a stack, and let W e H^{X, L) be a potential, where L is a line bundle on X. 
Assume that W is not a zero divisor, and let Xq — W~^{0) be the zero locus of W. As in 
[43], we consider the natural functor 

€ : RMF{X, W) £>sg(^o) (1-14) 

that associates with a matrix factorization [E,, 6) the cokernel of 6i : Ei ^ Eq. This functor 
is exact (see Lemma 3.12 of [50]). 

In the case when X is a smooth affine scheme and L is trivial, the functor C is an equiva- 
lence by [43, Thm. 3.9]. In the non-affine case we need to locahze the category HMF(X, W). 
Namely, we consider the full subcategory 

LHZ(X, W) C HMF(X, W) 

consisting of matrix factorizations E that are locally contractible (i.e., there exists an open 
covering Ui of X in smooth topology such that E\ui = in HMF(t/j, Vr| ;/.)). Then we define 
the derived category of matrix factorizations as the quotient 

DMF(X, W) = HMF(X, W)/L'HZ{X, W). 

We proved in [50, Thm. 3.14] that in the case when X is a smooth FCDRP-stack the functor 
€ induces an exact equivalence 

C : BMF{W) Dsg{Xo). (1.15) 
We will need the following property of the functor €. 

Proposition 1.3.1. Assume that W is not a zero divisor. For any E — {E, 5) e HMF(X, W) 
and a bounded complex C* of vector bundles on X there is an isomorphism 

<1{C' ®E)c^C*\xo®^{E) 

in Dsg(-^o); where we use the operation of tensor product of a matrix factorization with a 
complex of vector bundles on X (see (1.3)j. 
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Proof. Since € commutes with the translation functors, it is enough to consider the case 
when C* is concentrated in non-positive degrees. Recall that 

(C* O = ^ E{L'/\_i O L("-^)/^ for i = 0, 1, 

n>0 

and the (injective) differential Si : (C*(8)£')i — >■ (C*(8)£')o is induced by S and the differential 
dc on C*. Let us consider the sheaves 

dE) = coker(5i : ^ £;o) and ^ = €{C' ^ E) ^ coker(^i). 

We are going to construct an exact triple of bounded complexes of coherent sheaves on Xq, 
concentrated in non-negative degrees, of the form 

^ 5* ^ g* ^ c'Uo ® 3^ ^ 0, 

such that the terms of S* are locally free and S* is a resolution for 5". This will imply that S* 
is isomorphic to C*|xo ® 3^ in -Dsg(-^o)) and the assertion will follow. We define the complex 
S* by 

g-^ = (8) :r © ® E{L^'%_i ® Ixo for i > 0, 

n>i 

with the differential induced by 5, dc, and the embedding 3^ ^ Ei L\xo, The map 

p : g* ^ C* ® ^ 

is defined as the natural projection. It remains to show that g* is a resolution of 3^ It is 
easy to check that the canonical map (C* (g) £')o — )■ 3" factors through a map g° — >■ IF that 
extends to a morphism of complexes g* — > 3^. To see that it is a quasi-isomorphism, we use 
the increasing filtrations on both sides induced by the stupid filtration [C*]>_„ on C*. The 
associated quotients of the induced filtration on 3^ are 

(8) coker{iE{L^/\_i L^"-^)/' ^ E{L^/\ (g) L"/'), (1.16) 

where n > 0. On the other hand, the associated quotients of the induced filtration of g* are 
the complexes 

® 3^0 ^ C--" ® El ® LUo . . . ^ ® E{L^/^)r, ® L'^/^ ^^^^^^ 

concentrated in degrees [—n, 0] with n > 0. It remains to observe that by [50, Lem. 1.5], the 
complex (1.17) is a resolution of the sheaf (1.16). □ 

Remark 1.3.2. In the case W — the definition of the derived category of matrix fac- 
torizations still makes sense. For instance, as in Proposition 1.2.2, let us consider the case 
X = Y/r with r acting trivially on Y and equipped with a surjective character x : F — )> Gm 
(which defines the line bundle L). Assume also that G = ker(x) is finite. Then the category 
DMFr,;^(F, 0) = DMF(X, 0) is equivalent to the category of G-graded objects in the usual 
derived category of bounded (Z-graded) complexes of vector bundles on Y (since a bounded 
acyclic complex of projective modules is contractible) . 
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As we have shown in [50, Sec. 4], the functor C extends naturally to quasi-matrix factor- 
izations. More precisely, we have a functor 



€°° : DMF~(X, W) i^sg(^o), 

where DMF'^{X,W) is the derived category of quasi-matrix factorizations defined as the 
quotient of the homotopy category }iMF°°(X,W) by the subcategory of quasi-matrix fac- 
torizations that are locally homotopic to zero, and il'gg(Xo) is the quotient of D^{Qcoh.{Xo)) 
by the subcategory of bounded complexes of locally free sheaves. 

If / : X — 7- y is a smooth affine morphism with integral fibers, where X and Y are stacks, 
and W G H^{Y,L) is a potential, then we have a natural push-forward functor that takes 
a quasi-matrix factorization of f*W on X to b. quasi-matrix factorization of on y (see 
[50, Def. 4.8]). Furthermore, if W is not a zero divisor and Y is smooth with the resolution 
property, then there is an induced functor of derived categories /* : 'DMF°°[X, f*W) — >■ 
DMF°°(F, W), so that we have a commutative diagram 

(TOO 

DMF~(X,rW)^D' (Xo) 



9* 



DMF-(r,M/) -^sgW 

where Yq (rcsp., Xq) be the zero locus of W (resp., f*W)^ g : Xq — > Yq is the morphism 
induced by /, and the right vertical arrow is induced by the push-forward functor : 
D\Qcoh{Xo)) ^ i^^(Qcoh(yo)). 



1.4 Supports 

Let X be a stack and let W G H^{X, L) be a section. We denote by DMF(X, W) the 
idempotent closure of DMF(X, H^). For a closed substack Z d X the full subcategory 
DMF(X, Z\ W) C DMF(X, W) of matrix factorizations with support on Z is defined as the 
common kernel of the restriction functors 



E ^ il com{E) 

for closed points a; G Xq \ Z, where Xq = Py-^(O) C X (see [50, (5.1)]). In the case when W 
is a non- zero-divisor and X is a smooth FCDRP-stack we proved that a matrix factorization 
E = {E, 6) belongs to DMF(X, Z; W) if and only if it restricts to zero in DMF(X\Z, W\x\z) 
(see the proof of [50, Prop. 5.6]). 

Lemma 1.4.1. Let {a,f3} be the Koszul matrix factorization of W E H^{X,L) associated 
with sections a & V ® L and (3 G V"^ such that {a, f3) = W (see (1.10)^. Then {a, (3} is 
supported on the zero locus of the section {a, /3) E {V ^ L) Q) . 
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Proof. By definition of support of a matrix factorization, we have to check that if \/ is a 
vector space and a eV and P E V* are such that {a,/3) = and {a, (3) ^ (0,0), then the 
complex 

{a,P}=i/\V,aAl + Lm 

is acyclic. Since {a, (3) = 0, we can find a direct sum decomposition V = Vi Q) V2 such 
that a E Vi and /3 e V2. Then {a, ^} becomes the total complex of the tensor product 
of the complexes (/\*Vi,q;A?) and {/\*V2, l{/3)), at least one of which is acyclic because 
(a,/3)^(0,0). □ 

Recall that for a pair of potentials W, W e H^{X, L) we have the tensor product bifunc- 
tor (see (1.6)) 

HMF(X, W) X HMF(X, W) HMF(X, W + W'). (1.18) 

Proposition 1.4.2. Let X he a stack and W,W' E H^{X,L) two sections. 

(i) For a a pair of closed substacks Z d X and Z' <Z X the bifunctor (1.18) induces an exact 
bifunctor 

DMF(X, Z] W) X DMF(X, Z'; W) DMF(X, ZnZ';W + W) . 

(a) Assume in addition that X is a smooth FCDRP stack and W and W are not zero 
divisors. The the tensor product induces a bifunctor 

DMF(X, W) X DMF(X, W) DMF(X, S n S'; + W'). 

where E (resp., T/ ) is the singularity locus of the hypersurface W = (resp., W — Q). 

Proof, (i) The tensor product functor (1.18) is compatible with pull-backs, hence, if at least 
one of the matrix factorizations E E HMF(X, W) or F E HMF(X, W) is locally contractible 
then so is (g> F. Therefore, this functor descends to derived categories. Similarly, for 
E E DMF(X, Z; W) and F E DMF(X, Z'; W') the tensor product E ^ F is contractible in 
a neighborhood oi x ^ Z f] Z' (since either £■ of F is contractible near x) . 

(ii) This follows from part (i) and [50, Cor. 5.3]. □ 



1.5 Push-forwards 

In [50, Sec. 6] we defined the push-forwards for matrix factorizations with relatively proper 
support. Let f : X ^ Y he a. representablc morphism of smooth FCDRP-stacks and 
W E H^{Y, L) a potential such that W and f*W are not zero divisors. Let Z C be a 
closed substack of the zero locus of f*W, such that the induced morphism / : Z — )■ y is 
proper. Let Yo G Y denote the zero locus of W, and let /o : Xq Yq be the map induced 
by /. The derived push- forward functor 

Rfo.:D\Xo,Z)^D\Yo,f{Z)) 

induces a functor 

Ds^{Xo,Z)^Ds,iYo,f{Z)), 
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and hence, by [50, Prop. 5.6], a functor 



Rf, : DMF{X, Z; f*W) DMF(y, f{Z); W). (1.19) 

In the case when / is proper this functor preserves the usual derived categories inside their 
idempotent completions (see [50, Rem. 6.2]). We proved in [50, Prop. 6.3] that this functor 
is compatible with the natural push-forwards for quasi-matrix factorizations with respect to 
smooth affine morphisms with integral fibers (see [50, Def. 4.8]). More generally, if / : X — > y 
is an arbitrary affine morphism, then for any W G H^{y, L) we have the naive push-forward 
functor 

/, : QMF(X, rW) ^ QMF(r, W) : E = {E, 5) ^ (f^E, fj) (1.20) 

for quasi coherent matrix factorizations (see Section 1.1). Note that in the case when W = 
this functor respects quasi-isomorphisms. 

Remark 1.5.1. In the case when / is a finite morphism, the functor (1.19) is compati- 
ble with the naive push- forward (1.20) in the following sense. For a matrix factorization 
E — {E, 5) the naive push-forward f^E is a coherent matrix factorization with an additional 

property that the multiplication by W is an injcctivc endomorphism. The cokernel functor 
€ : MF(y, W) — 7- -Dsg(^o) extends naturally to the category of such coherent matrix factor- 
izations, so we can view f^E as an object of the derived category DMF(y, W) (cf. [50, Def. 
3.21, Rem. 6.2]). Since €{f^E) ~ /o*(^), we obtain an isomorphism in DMF(F, W) of f^E 
with the push-forward of E given by 1.19. 

Remark 1.5.2. As it was pointed out to us by Leonid Positselski, an alternative construction 
of push-forwards can be given using exotic derived categories of [53] and the results of [54]. 
One can start with the natural push-forward functors between the coderived categories of 
quasicoherent matrix factorizations which are defined using injective resolutions (sec [53, 
Sec. 3.7]). Then one can use the fact that for a regular scheme of finite Krull dimension the 
coderived category of quasi-matrix factorizations is equivalent to the coderived category of 
quasicoherent matrix factorizations (see [54, Thm. 1(a)]). Note that the absolute derived 
category of matrix factorizations, which is a full subcategory in the above coderived category, 
is equivalent to the corresponding hypcrsurface singularity category (see [53, Thm. 2], [40, 
Prop. 2.13] or [46]) and hence to our category DMF{X, W). 

The following lemma gives an important relation between the push-forward with respect 
to the embedding of the zero locus of W and the tensor product of matrix factorizations of 
W and of -W. 

Lemma 1.5.3. Let X be a smooth FCDRP-stack, W e H'^{X, L) a potential and E a matrix 

factorization ofW. 

(i) Let us define the matrix factorization C,{E) of on X as follows: 

Co{E)^ Eo®Ei®L, Ci{E)^Ei®Eo, 

with the differential S{x, y) = {Se{x) + y, —W{x) — 6E{y))- Then C,{E) is contractible (i.e., 
homotopy equivalent to 0). 
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(a) Let F be a matrix factorization of —W, and let i : Xq ^ X he the inclusion of the zero 
locus ofW. Assume that W is not a zero divisor. Then the map 

1,(3^(^0 x,i*F) (1.21) 

gives a well-defined functor Z^sg(Xo) — >■ DCMF(X, 0), where DCMF(X, 0) is the derived 
category of coherent matrix factorizations (see Section 1.1). Also, the natural map of coherent 
matrix factorization of on X 

q:E(g)F^i, {^{E) 0Ox, ^*F)) , 

induced by the projection Eq — >■ = coker(£'i — >■ Eq), is a quasi-isomorphism. 
Proof, (i) The contracting homotopy sends {x,y) to (0, y). 

(ii) By [50, Lem. 1.5], the complex com(i*F) = com(F) of bundles on Xq is exact. Therefore, 
using isomorphism (1.5) we see that for a perfect complex C* on Xq the coherent matrix 
factorization of zero C* ^i*F is acyclic. Hence, (1.21) gives a well-defined functor. We have 
to check that the map com(g) is a quasi-isomorphism (see (1.4)). But this map fits into an 
exact sequence of complexes of sheaves on X 

O^K' ^ com{E ® F) {€{E) com(F)) ^ 0, 

where K* — Ei® com(C,(F)). Hence, by part (i), K* is acyclic. □ 

We will need the push-forward functors in the following situation. 

Example 1.5.4. Let tt : -E — )■ X be a smooth affine morphism with integral fibers, where 
X is a smooth FCDRP-stack, and let W G i7°(X, Ox) be a potential. Suppose that we 
have a commutative algebraic group V acting on both E and X compatibly, so that W is 
semi-invariant with respect to F and a character x : F — > G^, where x is surjective with 
finite kernel G. Let Z C be a F- invariant closed substack such that 7r*W\z — and Z is 
proper over X. We will define the push-forward functor in the following two cases. 
Case 1. Assume that W is not a zero divisor. Then by [50, Prop. 6.1] (applied to the 
morphism E/F X/r), we have the push-forward functor 

TT* : DMFr(£;, Z; 7r*W) DMFr(X, W). 

If in addition, a subgroup I <Z G acts trivially on X then we can combine the above functor 
with taking /-invariants to get a functor 

7rf : DMFr(^, Z- ttW) ^ DMFr/7(X, W). (1.22) 

Case 2. Assume that H^ = and the action of F on X (but not necessarily on E) is trivial. 
Then we can still define the push-forward functor as follows. Given a F-equivariant matrix 
factorization P of on supported on Z, we can consider the push-forward 7r*P (see [50, 
Def. 4.8]) which will be a F-equivariant quasi-matrix factorization of on X. Let us consider 
the corresponding complex comG(7r*P) of G-equivariant quasicoherent sheaves defined by 
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(1.12) (using representatives for the (x;)-cosets in the character group of F). The assumption 
on the support of P imphes that this complex has bounded coherent cohomology. Since 
the category of such complexes is equivalent to the bounded derived category of coherent 
sheaves, we obtain a functor 

TT* : DMFr(S, Z- 0) ^ D^^i^) ~ DMFr(X, 0). (1.23) 

The map on the Grothendieck groups induced by this functor sends the class of a matrix 
factorization P to [7r*i/°(P, 5)] - [k^H\P,5)\. 
In both cases the diagram of functors 

DMFr(E, Z; t:*W) ^ DMFr(X, W) 

(1.24) 

DMF^(E,/W) — DMF^(X, W) 

is commutative. Indeed, for W = Q (and F acting trivially on X) this is clear from the 
definition, and for Vl^ 7^ this follows from [50, Prop. 6.3]. 

Note that if we have a F-equivariant closed substack i : E' ^ E such that Z C E', such 

that tt' = tvIe' is still smooth with integral fibers, then we can consider the push- forward 
functors (1.19) associated with the projections tt : E ^ X and vr' :£"—)■ X and also the 
functor : DMF{E' , f*W\E') DMF{E, f*W). In this situation one has an isomorphism 
of functors 

TT* o ~ n'^ 

from DMF(£;', Z; (tt') W|e/) to DMF(X, W). 

We have the following analog of the projection formula. 

Proposition 1.5.5. Let n : E ^ X , Z G E, T and W be as in one of the two cases of 
Example 1.5.4, where F acts trivially on X. Then for P e DMFy{E, Z;'k*W) and Q e 
DMFr(X, —W) one has a functorial isomorphism 

'k^{P®t:*Q) '^t:^{P)®Q. 

Proof. The case W = Q immediately reduces to the usual projection formula, so we will 
assume that W is not a zero divisor. By Lemma 1.5.3(ii), we have natural quasi-isomorphisms 

7r*(P ® n*Q) ~ i^TTo* {ft{P) ®0b„ K^*Q)) and 

MP) ®Q-i* (£(vr*P) ®0x„ ^*Q) = 
where Eq = 7r^^(Xo), tvq : Eq ^ Xq is the restriction of tt, and i : Xq ^ X is the natural 
embedding. It remains to use the isomorphism 

TToXiP) ^ C(7r,P) 

and the usual projection formula for ttq. □ 
Our push-forward functors also have the following base change property. 



18 



Proposition 1.5.6. (i) Suppose we have a cartesian diagram of smooth FCDRP-stacks 




where f is a flat representable morphism, and let W G L) be a potential such that its 

pull-hacks Wx, Wx' and Wy' to X, X' and Y' , respectively, are not zero-divisors. Let Xq, 
Yq, Xq and Yq be the zero loci of these potentials, Z <Z Xq a closed substack, proper over Y , 
and Z' C Xq the induced closed substack. Then the diagram of functors 



DMF(X, Z, Wx) DMF(X', Z', Wx') 



Rf* 



DMF(F, W) 



u 



DMF(r', Wy') 



is commutative. 

(a) Let {it : E ^ X, W. T, x- Z) be as in Example 1.5.4, where either W is not a zero-divisor 
or W = and T acts trivially on X . Suppose we have a cartesian diagram 




of stacks with V-action, where all the maps are V-equivariant. Assume that the action of F 
on X' is trivial and i*W — 0. Then for any matrix factorization PofWon E, supported 
on v~^{Z), there is an isomorphism 



in D^^{X') ~ DMFr(X',0). 



Proof, (i) This follows easily from the usual base change formula. 

(ii) It is enough to check the corresponding isomorphism in DMFf?(X',0). Therefore, the 
statement follows from the commutativity of the diagrams (1-24) for tt and tt' together with 
the usual base change formula. □ 

As in the case of usual sheaves, the base change formula leads to a relative Kiinneth 
isomorphism for push-forwards of matrix factorizations. 
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Proposition 1.5.7. Let /i : Xi — )■ Yi and /2 : ^2 — ^ ^2 be smooth morphisms with connected 
fibers of FCDRP-stacks over a smooth FCDRP-stack S. Let Wi G H^{Yi,Li) and W2 G 
(12,-^2) be potentials, and let W — PyWi + Py^yVi he the corresponding potential on 
Y — Yi Xs Y2, where pvi : Y ^ Yi are the projections. Let Z\ C X\ (resp., Z2 (Z X2) be a 
closed suhstack, proper over Yi (resp., Y2). Consider the relative product map 

/ = /i X 5 /2 : ^1 X 5 ^ y = Yi X 5 1^2 . 



Assume thatWi, W2 andW are non- zero- divisors. Then for Ei e DMF(Xi, Zi, f^Wi) and 
E2 e DMF(X2, ^2, /1 1^2) there is a functorial isomorphism 

Rf.{p*x,{Ei)^p*xAE2)) c^p*y,{Rfi.{Ei)) ®pURh*{E2)) 



in DMF(F, W), where pxi '■ Xi x s X2 ^ Xi are the projections. 

The same assertion holds if one (or both) of the morphisms fi is of the form E/V ^ X/V, 
where E ^ is a smooth affine morphism, F is a commutative group acting trivially on Z 
and Wi — (see Case 2 of Example 1.5.4). 

Proof Let us denote P = Rf^,{p*x^{Ei) ®p*x^{E2)) and Pj = Rfi*{Ei) for i = 1, 2. Consider 
the commutative diagram with a cartesian square 



X 



id x/2 , . /i X id 
Xi Xs Y2 Yi Xs Y2 




(1.25) 



Note that the composition of the arrows in the first row is equal to /. Thus, we have 

P ~ X id)*i?(id Xf2Up*x,iEi) ®P*x,{E2)) ^ R{fi X id).(pt(^i) ® R{id Xf2%p*x,{E2)). 

Applying the base change formula in the cartesian square 

PX2 



X 



X, 



id x/2 



/2 



Xi XsY2 



P2 



Yo 



R{ldxf2U*xAE2)^P*2^2. 



we get 
Hence, 

p~i?(/ixid)*(p*(^i))®p;.^(P2), 

Finally, the base change formula in the cartesian square of (1.25) shows that 

R{f,xidUpl{Ei))^P*Y,{yi). 



□ 
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1.6 Regular Koszul matrix factorizations 

Here we study Koszul matrix factorizations {a, /?} in the case when /9 is a regular section. 
Such matrix factorizations should be viewed as deformations of the Koszul complex {0,13}. 

In this section we assume that X is a smooth FCDRP-stack. We fix a potential W G 
H°{X, L), a vector bundle V on X, and sections a e H°{X, V ^ L) and P e H^{X, 1/^), 
such that (a, — W. 

Definition 1.6.1. The Koszul matrix factorization (see (1.10)) 

is called regular if /3 is a regular section of 

In this section we always assume that {a, /?} is regular (with the exception of Proposition 
1.6.4) and denote hj i : X' ^ X the embedding of the zero locus of (3. Note that X' is 
contained in Xq, the zero locus of W. 

Lemma 1.6.2. (i) IfW is not a zero divisor then 

€{{a,P})c^Ox' inDs^(Xo), 

where C is the cokernel functor (1-14), and Ox' is viewed as a coherent sheaf on Xq. 
(ii) IfW = then 

//°({q;,^}) ~i,Ox' and H\{a, p}) ^ 0, 

where H^{P) :— W{com{P)) (see (1-4)^. In other words, the natural morphism of quasico- 
herent matrix factorizations 

{a,/3}^i,mi{0x') 
is a quasi-isomorphism (where mf(Ox')o = Ox', nif(Ox')i — 

Proof, (i) We have a natural map €{{a, P}) i^Ox' induced by the projection /\* /\^ 
and by the map Ox — > Ox' = coker(^^ : V — > Ox)- It is enough to prove that this map 
is an isomorphism locally, so the statement reduces to the affine case proved in [49, Prop. 
2.3.1]. 

(ii) Since {a, f3) = W = 0, the complex com({Q;, (3}) can be identified with the total complex 
of the bicomplex 

/sT = K''\ where K''^ = /\'~V ® L\ 

with differentials given by l{/3) and ctA?. The regularity of /3 imphes that the cohomology of 
the differential l{/3) is concentrated along the diagonal 0. X*'*. Prom the spectral sequence 
we immediately see that 

i/2"+^(com({a, 13})) = and /7^"(com{a, /3}) ~ i^Ox' ® i^". 

□ 
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Proposition 1.6.3. (i) Let Wi G H^{X, L) be another potential, such that i : X' ^ X , the 
zero locus of W , is smooth and the restriction of Wi to X' is not a zero divisor. Then for 
every matrix factorization P — (P, 6) G MF(X, Wi) we have a functorial isomorphism in 
DMF(X, W + Wi) 

q: P®{a,p} ^^i,i*P, (1.26) 
where on the right-hand side is the push-forward functor 

: DMF(X', Wi\x') ^ DMF(X, W + Wi). 

(a) Assume that W is not a zero divisor. Then for every matrix factorization P G MF(X, —W) 
we have a quasi-isomorphism in Q,MF{X, 0) 

q:P^{a,p}^ iJ*P. 

Proof (i) The projection /\'{V ® L^/^)(L"^/^) — )■ Ox induces a natural morphism 

g : P (8) /\{V (g) L^'^){L-^'^) ^ iJ*{P ® /\{V ^ L^'^){L-^'^)) ^ i,i*P 

of coherent matrix factorizations of 1^ + l^i , where we use the fact that the naive push- 
forward i^i*P is compatible with the push-forward functor (1.19) (see Remark 1.5.1). To 
show that q induces an isomorphism in DMF(X, W -\- W-i), we can argue locally. Thus, we 
can assume that L and V are trivial bundles. We will use induction in the rank r of V . In 
the case when r = 1, i.e., V = 0, we have (3 = f , a = g, where / and g are functions on X 
such that W = fg and i : X' = Z{f) ^ X is a divisor. By definition, 

<^{P ® {g, /}) = coker(P) : Pi ® Po ^ i^o ® Pi), 

where 

D(Pi,Po) = {S{pi) + f ■po,S{po) -g-pi). 
Let us consider the exact triple of two-term complexes 

^ [0 ^ Pi] ^ [Pi © Po Po © Pi] ^ [Pi © Po Po] ^ 0, 

where D{pi,po) = S{pi) + f -po- Since D is a part of the differential of the matrix factorization 
P ^ {9 , f} of W + Wi, it is injective. Thus, from the above exact triple we get an exact 
sequence of sheaves 

keT(D) Pi coker(P)) cokeT(D) 0, (1.27) 

where 7(pi,Po) = S{po) - g ■ Pi- Now 

coker(D) ~ Po/(5(Pi) + /Po) ^ iX{i*P). 

Since Wi\x' 7^ 0, the morphism S\x' '■ Pi/fPi — >■ Po/fPo is injective. In other words, 
5~^{fPo) n Pi — /Pi. This implies that the map pi i-> (/pi, —S{pi)) gives an isomorphism 

A : Pi^ker(:D). 
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The composition of 7 with A sends pi to —S^{pi) — fg - pi — —{W + Wi) -pi. Thus, the exact 
sequence (1-27) is isomorphic to 

^ Pi ^ C{P ® {g, /}) ^ ^ 0. 

Since €.{i^i*P) ~ it.C{i*P), we get an exact sequence 

^ Pi/(iy + w^i)Pi ^ €(p ® /}) ^ e:(i.i*P) ^ 

that imphes that the map (t{q) is an isomorphism in Dsg[Xo), and so by [50, Thm. 3.14], q 
is an isomorphism. This gives the base of induction. 

When r = rky > 1, decompose V SiS V ^ Ox ® V, and let {a, [3} = {gj} ® {a\ /3'} 
be the corresponding decomposition, where /3' e (1^')^) ^ f:9 ^ H^{Ox)- Let 
J : X" X he the zero locus of /3'. Note that X' C X" is the zero locus of the function 
j*f. Since is a regular section of V, we can apply the induction hypothesis to the matrix 
factorization {a', /?'} on X and conclude that the natural map 

p ® {g, /} ® {«', ^ p ® {r^, i7}) 

is an isomorphism. Applying the case r = 1 to the matrix factorization {j*g, j* f}, we see 
that 

fP ® {fgJ*/} ^ hk*j*P ~ kj*P, 

where k : X' ^ X" is the natural embedding. This estabhshes the induction step. Now the 
assertion follows. 

(ii) Since C{{a, f3}) ~ i^Ox' in -Dsg(-^o) (see Lemma 1.6.2(i)), this follows from Lemma 
1.5.3(ii). □ 

The following result deals with the situation when the section ^ G H'^(X,V^) is not 
regular but is the image of a regular section of a subbundle of . 

Proposition 1.6.4. Let U G V be a subbundle. Assume that we have a regular section 
f3' e H^{X, {V/Uy) such that f3 = l{/3'), where l : {V/Uy V"^ is the natural inclusion. 

(i) Assume that W is not a zero divisor. Then we have the following equality in the 
Grothendieck group of Dsg{Xo): 

ma,m^[i:i*/\'{u^L'f'){L-'f% 

where i' : X' "-^ Xq is the inclusion. 

(ii) Assume that W = 0. Then 

[{a,^}] = [i.mfr/\'(C/®LV2)(L-V2)], 

in the Grothendieck group of the derived category of coherent matrix factorizations (see Sec- 
tion 1.1). 
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Proof. Note that the differential 6a,i3 is compatible with the filtration of the exterior algebra 
/\*{V ® L^/^)(L~^/^) by powers of the ideal generated by U. Hence, in the Grothendieck 
group we can replace {a, (3} by the associated quotient, which is isomorphic to the tensor 
product C* (8) {a, /3'}, where 



and a is the section of (V/U) (8) L induced by a. Since is regular, in case (i) we have 
€{{a,/3'}) ~ i'^Ox' by Lemma 1.6.2(i). By Proposition 1.3.1, this implies that 



In case (ii) we deduce from Lemma 1.6.2(ii) combined with Lemma 1.1.5 the following quasi- 
isomorphisms of coherent matrix factorizations: 



2 Matrix factorizations of a quasihomogeneous isolated 
singularity 

Throughout this section we fix a quasihomogeneous potential w on A" with an isolated singu- 
larity at 0. Recall that the latter condition means the quotient C[a;i, . . . , Xn]/ {diw, . . . , dnw) 
is finite-dimensional (where di denotes the partial derivative with respect to Xi). We fix the 
set of coprime positive degrees {di, . . . ,dn), such that w is homogeneous of degree d with 
respect to the grading deg(a;i) = di. 

Prom now on we denote by w such a potential. 

In this section we calculate the Hochschild homology of the dg-category of P-equivariant 
matrix factorizations of w, where P is a certain one-dimensional subgroup of G^, and the 
canonical bilinear form on this Hochschild homology. This is a Z-graded analog of the 
computations of the Hochschild homology of the Z/2-dg-category of matrix factorizations 
of w and of the canonical bihnear form on it performed in [10] and [49]. We also discuss 
functors between categories of equivariant matrix factorizations given by kernels. 

2.1 Symmetry groups 

With 11? we associate certain natural groups as follows. Let us write 

N 



C" = /\'(t/^Li/2)(L-i/2) 



C ® {a, /?'} ~ C" ® mf (OxO ^ i.{i*C' ® mf (OxO) ^ i* mf (z*C"). 



□ 
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Let C be the preimage of the diagonal C under p. In other words, is the 
maximal subgroup of diagonal transformations of A" under which w is semi- invariant. Let 
Xw '■ ~^ Gm be the natural character. It is easy to see that — ker(p) = ker(x^), so 
we have a canonical extension of commutative algebraic groups 

1 — > Gm 1- 

The choice of coprime degrees d = {di, . . . , dn) defines an injective homomorphism 

t^:G^^r^:X-^{X^\...,\'-) (2.1) 

such that Xw ° ^d(A) = A'^. Thus, the intersection of G^ with id{Gjn) is the cyclic subgroup 
of order d generating by the exponential grading element 

J — (exp(27rigi), . . . , exp(27rig„)) e G^^, where qj — dj/d. (2.2) 

Note that we have a short exact sequence 

1 ^ Z/d — G^ X G„ ^ ^ 1 

where l : — > is the natural embedding and i(l) = ( J, exp(— 27ri/d)). 

We will often use the following correspondence between certain subgroups of and 
subgroups of Gw 

Lemma 2.1.1. There is a natural bijection between the set of algebraic subgroups F C F^ 
containing id(G„t) and the set of algebraic subgroups G C G^ containing the element J that 
associates with F the intersection G = F n Gw and with G the image F = {l, id){G x G^). 

Proof. Let G C G^ be a subgroup containing J. Then intersection of F = {L,i(i){G x G^) 
with Gw = ker(x^) consists of the elements L{g)idW, where g E G, \ E Gm, such that 
Xw(^(fi')^d(A)) = A"^ = 1. Since in this case id (A) belongs to the subgroup generated by J, it 
follows that r n Gw — G. Now let F C F^ be any subgroup containing id{Gm). Consider 
the subgroup _ 

F^{i,id)-\F)GGwXGm. 

Then F contains 1 x G^, so we have F — G x G^. Furthermore, F contains the element 
i(l) e ker(t, id), hence G contains J. □ 

Let us fix a commutative algebraic group F equipped with a homomorphism ^ : F — > F^ 
such that the composition 

X = Xt« o C : r ^> G^ 

is surjective and and the kernel of x is finite. We set G — ker(x) C F, so that we have an 
exact sequence 

1 ^ G ^ F Gm 1. (2.3) 
We will work with the dg-category of F-equivariant matrix factorizations of w 

MFr(w?) = MFr,x(A",'U7). 
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The corresponding homotopy category HMFr(iy) = HMF(A"'/r, lu) is equivalent to the 
equivariant category of singularity of the hypersurface w = (see [50, Prop. 3.19]), i.e., in 
this case we have DMF(A"/r, w) = HMF(A"/r, w). 

Note that if we view MFr(A"', to) as a Z/2-graded dg-category then it can be identified 
with the full subcategory in MFa{^^,w). 

2.2 Functors defined by kernels 

By analogy with Fourier-Mukai transforms on derived categories of coherent sheaves we 
can use matrix factorizations of the external product of potentials as kernels representing 
functors between the categories of matrix factorizations. 

Let be a function on a smooth FCDRP-stack X, which is not a zero divisor and is semi- 
invariant with respect to a group H acting on X and a surjective character xw '■ H — > 
with finite kernel. Also let if be a subgroup of H x V such that the restrictions of the 
characters xw x 1 and 1 x Xw to K are equal. Consider the potential 

on X X A", where pi : X x A"^ — )■ X and p2 : x A" — > A" are the projections. Then 
W ® w is semi-invariant with respect to K. Note that if we take K to be maximal then 
{{X X A")/X, W®w) can be identified the external product of {X/H, W) with (A^/F, w) 
(see Definition 1.1.7). Since the singularity locus of W®w is a subset of Xq x {0}, Proposition 
1.4.2 implies that for any P G V)MFk{W © w) and Q G DMFr(A", -w) the tensor product 
P e DMF xiplW) belongs to the subcategory 

DMFxox{o}(^ X A''/K,pIW) C DMF(X x A''/K,plW). 

Assume moreover that the projection K ^ H is surjective with the kernel Kq. Then we can 
apply the functor p^° to P ® K (see (1.22)), so we obtain a functor 

$P : DMFr(A", -w) DMF^^(X, W) : Q ^ pu{P ® Q)^°. (2.4) 

The same construction works in the case = if we assume that H acts trivially on X 
(see Example 1.5.4). 

Remark 2.2.1. 1. The functor $p has a natural dg- version. Namely, the category DMFij(X, 1^) 

can be identified with the full subcategory of the derived category of quasi-matrix factoriza- 
tions DMF^(X, H^) (see Cor. 4.5 and Lem. 4.6 of [50]). The latter category has a natural 
dg- version DMF~''^^(X,W^) obtained using the construction of dg-quotient (see [32, Thm. 
4.8]). Thus, we get a dg- version of DMF h{X,W) by taking the corresponding full dg- 
subcategory of DMF^''^^(X, 1^). Now to obtain a dg-functor $p inducing $p we can use 
the natural push-forward dg-functor for quasi-matrix factorizations (see [50, Def. 4.8]). Fur- 
thermore, all the isomorphisms of functors of the form $p discussed below will be induced 
by morphisms between dg-functors. 

2. By Corollary 8.0.4, the map on Hochschild homology induced by the dg-functor 
depends only on the class of P in the Grothendieck group. In particular, since a different 
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choice of representatives for r/(x) would change $p by an even power of the translation 
functor on each component of the decomposition 

DG{X)^^D{X)^ri, 

the induced map on Hochschild homology does not depend on these choices. 

Lemma 2.2.2. Let k : U ^ A" be an embedding of a V-invariant linear subspace, such that 
w\u = 0, and let k' : U H he the induced embedding into the hypersurface {w = 0). Let 
X be a smooth FCDRP-stack with a trivial V-action, and let P he a V-equivariant matrix 
factorization ofpr* w on X x A", where pr : X x A" — >■ A" the projection. Assume that 
(t{P) ~ (idx x/c')*(C*) in Dsg{X x H/T), where <t is the cokernel functor (see (I.IA)), and 
C is a hounded complex of vector bundles on X xU. Then we have a functorial isomorphism 

^p{E) ~ comG(pi*(C" ®plk*E)) e L>S(X), 

where pi and p2 are the projections of the product X x U to its factors. In particular, this 
applies to a matrix factorization of the form P = C* ® {«, /?}, where P is a regular section 
with the zero locus S x U and C* is a hounded complex of vector bundles on X x K^. 

Proof. By Lemma 1.5.3(ii), we have a canonical isomorphism 

P (8) pr* ^ ~ (idx xi),(C(P) ®o^^H (idx xi)* pr* E) , 

where i : H ^ hJ^ is the natural embedding. Now using the isomorphism €{P) ~ (idx xk')^{C*) 
we obtain an isomorphism 

P (8) pr* ^ ~ (idx xA;),(C* ®o^^^ p^E) , 

which gives the required isomorphism after the push-forward to X. □ 

2.3 Generators of categories of matrix factorizations 

Let us define an object C*^* G MFr(A",tu), the stabilized residue field, similarly to the Z/2- 
graded considered in [49, sec. 2.5]. Let T = (m/m^)* be the tangent space to A" at the 
origin. The projection m — )■ T* admits a F-equivariant splitting s : T* — )■ m, which defines 
an element e (T (g) C[a;])'". If we choose generators xi, . . . , a;„ of m C C[x] as Xi = s{ei), 
where Ci, . . . , e„ is a basis of T*, then t/j — J2i <8) Xi, where (e*) is the dual basis of T. On 
the other hand, since the F-equivariant map 

(?, -0) : (g) C[x] m 

is surjective, we can find a F-equivariant element (f) ® C[a;] ® %, such that (0, if]) = w. 
The pair 0, ip defines a F-equivariant Koszul matrix factorization 

e* = {0,^} (2.5) 

of w on A" with the respect to the character %. 

Let (x) C F denote the subgroup (isomorphic to Z) generated by x ^^e group of 
characters of F. Let xi, . . . , be a set of representatives for (x)-cosets in F. 
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Proposition 2.3.1. The matrix factorization ^l^i C^^^Xi ^■s <^ generator of the triangulated 
category DMFr(A", w) = HMFr(A", w). 

Proof. Under the equivalence of DMFr(A"', lu) with the equivariant singularity category 
of the hypersurface S = {w = 0) (see [50, Thm. 3.14]) the stabilized residue field C*** 
corresponds to the skyscraper sheaf at the origin. Since the singularity locus of S is the 
origin, by [50, Cor. 5.3], the category Dsg{X/r) is equivalent to L>sg(X/r, O/F). The latter 
category is generated by the skyscraper sheaf at the origin twisted by characters of T. Since 
the twisting by x is isomorphic to the square of the translation functor, it is enough to 
consider representatives of r/(x) (cf. [52, sec. 12] for a similar reasoning). □ 

CoroUciry 2.3.2. Let w' be another quasi-homogeneous potential on A"^ with an isolated 
singularity at 0, semi-invariant with respect to (F', x')- Let IT C F' x F denote the preimage 
of the diagonal under the homomorphism x' x % : F' x F ^ Gm x G^. Then the external 
tensor product dg-functor 

MFr'(A™,w;') 0MFr(A'*,wj) ^ MFnlA^" x A",w?'©w;) 

induces an equivalence of perfect derived categories. 

Proof. Use Proposition 2.3.1 and argue as in [10, Sec. 6.1]. □ 

Remark 2.3.3. A more general version of the above Corollary is proved independently in 
the work of Ballard, Favero and Katzarkov [4, Prop. 6.7]. 

2.4 The diagonal matrix factorization 

Here we construct a F^-equivariant version of the diagonal matrix factorization representing 
the identity functor (see [10], [49]). We keep the notation of the previous section. Consider 
the F^-invariant elements a & V <^ k[x, y] ^ x P ^ y* (g) fc[a;, |/], given by 

a = ^ej®Wj, /3 = ^ e* O {y^ - Xj), 
j j 

where Wj{x,y) are polynomials such that 

n 

w{y) -w{x) = ^{y^ - xj)wj{x,y) 

3=1 

(such polynomials exist because F^ is reductive). We define a F^-equivariant matrix fac- 
torization of M? = —w{x) + w{y) on A" x A" (with respect to the diagonal action of F^ on 
A" X A") by 

K = {a,P}. 

Now let X be a smooth FCDRP-stack, and let be a function on X, as in section 2.2, 
i.e., W is semi-invariant with respect to {H,xw) and we have a subgroup K G H x T such 
that xw X id |x = id xx|x- We also assume that either W is not a zero divisor, or Vl^ = 
and H acts trivially on X. 
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Proposition 2.4.1. (i) The functor 

: DMFr(A",'«;) ^ DMFr(A",'U?) 

associated with the kernel e DMFr(A" x A", it?) hy (2.4), is isomorphic to the identity 
functor. 

(ii) Let TT : A" — >■ he the projection and 

A'' = p^gA^ e BMFk{X X A'^ X A", © (-to) © w) 

be the pull-back o/ A^* under the projection P23 : X x A" x A" — > A" x A". Then the following 
diagram of functors is commutative up to an isomorphism: 

WIFk(X X A" X A", © m? © (-w)) > DMFk,xx{(o,o)}(^ x A" x A", © © 0) 



(idxxA)^ 



(idx XTT X 7r)fo 



DMF^,xx{o}(^ X A", © 0) '-^ DMFh(X, W) 

where A : A" — )■ A" x A" is the diagonal embedding, Kq = kei{K — )■ H), and we use the 
push-forward functors combined with taking K^-invariants as in (1-22). 

Proof, (i) This can be derived from Proposition 2.3.1 similarly to the non-equivariant case 
considered in [10] (see also [49]). 

(ii) The proof is based on the fact that A^* is a regular Koszul matrix factorization with the 
zero locus X x A(A") C X x A" x A". Assume first that W is not a zero divisor. Then by 
Proposition 1.6.3(i), we have 

P ® A^* ~ (idx X A),(idx xA)*P, 
which implies the result since 

(idx XTT x tt)* o {idx xA)* = (idx xtt)*. 
In the case W — Q the proof is similar, but we use Proposition 1.6.3(ii) instead. □ 

Corollary 2.4.2. The dg-category MFr(A",iy) is dg-Morita equivalent to a smooth proper 
dg-algebra. 

Proof. This follows from the existence of a compact generator (see Proposition 2.3.1), from 
Corollary 2.3.2 and from the fact that the diagonal bimodule is represented by a matrix 
factorization (cf. [10, Sec. 7]). 
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2.5 Hochschild homology and the Chern character for dg-categories 

Below we will use the formalism of [49, Sec. 1] (see also [30] and [57]). 

Let C be a dg-category over a field k. We denote by -D(C) the derived category of right C- 
modules, by Per(C) C -D(C) the perfect derived category, and by Perdc,(C) the dg-category of 
homotopically finitely presented right C-modules (see [57, Sec. 7]). The Hochschild homology 
of C is given by 

M,(e)=Tre(Ae), 
where Ae is the diagonal G — C-bimodule E Home(F, E) and 

Tre : L>(e°^ 6)^ D(k) (2.6) 

is the trace functor given by the derived tensor product with Ae. 

As in [49, Sec. 1.2] we consider only dg-categories C such that the C — C-bimodule Ae is 
perfect, the complexes Home(A, B) for A,B^Q have finite dimensional cohomology, and the 
derived category -D(C) has a compact generator. Such dg-categories are dg Morita equivalent 
to homologically smooth and proper dg-algebras and can be characterized by the condition 
that PeYdg{G) is saturated, i.e., proper, smooth and triangulated (see [58, Sec. 2.2]). 

Any dg-functor F : PerdgiG) — > PeragiD) between dg-categories of the above type induces 
a map F^ : HH^:{G) — ?> HH^:{D). This map can be defined in several equivalent ways. We 
will use a slight modification of the construction given in [49, Sec. 1.2] (see Appendix for the 
details) . 

First, consider the induced functor 

: Per(e°P 8) C) -> Per(D°P ® V) 

that sends the representable module hc'^^c2 to hp^Ciy®F{C2)- 
There is a canonical morphism of functors 

Tre Ttb oF(2) (2.7) 

and a canonical morphism 

F(2)(Ae)^AB (2.8) 

in Pei{V°P®V). 

Now the map is defined as the composition 

Tre(Ae) ^ Ty^F^''\^^) ^ Tr2)(Aa,), 

where the first arrow is induced by (2.7) and the second is induced by (2.8). 

For an object E G Pei dg{G) we define its Chern character using the functor 1e '■ 
Per dp (A;) Pe^dgiCC) sending k to E as follows 

di{E) = (ls)*(i) e J{o(e). 

The maps F^ are compatible with the composition (see [49, Lem. 1.2.1]), which implies 
the functoriality of the Chern character 

ch(F(£;)) = F,{ch{E)) 

for E e Per(e). 
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2.6 Hochschild homology of MFr(it;) 

Let Aw — C[x\/{diW, . . . , dnw) be the Milnor ring of the isolated singularity w, and consider 
the space 

H{w) = Aw dx, 

where dx = dxi A ... A dxn, equipped with the action of F, induced by its action on A". 

Recall that the Hochschild homology of the Z/2-dg-category MF{w) is isomorphic to the 
space H{w) in degree nmod(2) (sec [10]). The Hochschild homology of Z/2-dg-category 
MF g{w) is given by 

HH^iUFoiw)) ~ H{w^f (2.9) 

where Wj is the restriction of w to the subspace (A")''' C A" (sec [49]). Here we establish a 
version of this isomorphism for the Z-graded dg-category MFr(if). 

Let r(2) c r X r denote the preimage of the diagonal under the homomorphism x x % : 
r X r ^ X Gjn. Let x^^^ '■ T^^^ Gjn be the character induced by x ^-nd by one of the 
projections T^"^^ — )■ F. Let us consider the dg-category MFr(2)(A" x A", w), where w{x, y) — 
—w{x) + w{y). Similar to the Z/2-graded case (see [10, sec. 6.1]) we can interpret the 
corresponding perfect derived category as the category of dg-functors MFr(A"') — )■ MFr(A"). 
Namely, to a kernel K e MFp{2)(A"' x A"',w) we associate the dg-functor (2.4) 

■■ MF^(A", w) MF^(A", w):E^ P2*(p*iE Kf^^K 

Note that here the invariants are taken with respect to the action of the group G on the first 
factor of the product A" x A". Since Perdp(MFr(A", w)) is saturated. Corollary 2.3.2 implies 
that every dg-functor from this category to itself is represented by a matrix factorization of 
w. 

Now wc arc ready to compute the Hochschild homology of MFr(io). Let G be the dual 
group to G. The exact sequence (2.3) induces an exact sequence 

^ Z f ^ G ^ 0. 

Note that we have the natural action of F on the category DMFr(tu) given by tensor mul- 
tiplication with 1-dimensional representations of F. Furthermore, by definition of the trian- 
gulated structure on DMFr(iu) we have 

E^X- E[2]. 

Hence, the induced action of F on HH^{MFr{w)) factors through an action of G. In other 
words, HH^{MFr{w)) has a natural structure of i?-module for R — C[G]. 

Theorem 2.6.1. (i) The Hochschild homology of the dg-category MFr(iy) is given by 

HH^MFriw)) ~ H{w^f, (2.10) 
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where is the restriction of w to the subspace of j -invariants {A^y , with the Z-grading is 
given by 

^ W = 0^K)?-4^7 - 2^], 

where n-y — dim(A")'''. We have an isomorphism of 'L/2-graded spaces 

HH,{MFr{w)) ~ HH,{MFg{w)) 
identifying the decompositions (2.10) and (2.9). 

(a) The decomposition o//JiJ*(MFr(iu)) into ^-isotypical subspaces (where ^ & G is viewed 
as a character of G) coincides with the decompositions (2.10) and (2.9). 
(Hi) Let V G T be a subgroup such that the restriction of x to V is surjective, and let 
G' — V n Gw be the corresponding subgroup of G. Let 

Resg, : HH^{MFr{w)) HH^{MFr'{w)) 

be the map induced by the forgetful functor 

$ : MFr(w;) ^ MFr'(iy). (2.11) 

Then the restriction of KbSq, to the component of the decomposition (2.10) corresponding 
to an element j E G is equal to zero if ■y ^ G' and to the canonical embedding H{w-y)'^ 
H{w^f' if ye G'. 

Proof, (i) First, let us check that the trace functor (see Section 2.5) 

Tr : MFp(2) (A" x A", w) Com/(C - mod) 

associates with a matrix factorization ^ of tC the F-invariants in the global sections of the 
restriction of the complex com(£') (see (1.4)) to the diagonal (y = x) in A" x A". Indeed, 
this follows from the isomorphism 

i/°(A", com(^^ m E%=^f ~ i/°(A", com(E^ ® E')f ~ HomHMFr(^, E') 

for E,E' e MFr(A",ti;) (see Lemma 1.1.6). 

Next, we observe that the identity functor on MFr(A'*,iy) is represented by 

Ag := 0(idx7)*A^* e MFr(.)(zo), (2.12) 

where A*^* = A^, with the F'^^-'-equivariant structure induced by the F-equivariant structure 
on A^* via the diagonal embedding of F into F^^^. This follows immediately from Proposition 
2.4. l(i) because of the exact sequence 1 ^ G ^ F^^^ ^ F ^ 1. 

Finally, to compute the Hochschild homology we have to apply the functor Tr to Ag. 
Let us show that 

com(Ag)|,=, ^ 00(3C^^ ® x'^)[2z], (2.13) 
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where %yj is the complex 

= ^ ^ ^ . . . ^ (g, ;^"] (2.14) 

placed in degrees [0,n] with the differential given by dwK!. The summand of (2.13) corre- 
sponding to 7 = 1 is 

com(A^*)|,=, ~ 0(3C^ (g) x~')m- (2.15) 

Using the identifications 

(A%|,=,^0(]^„-X\ and (A^^)i|,=,c^0Ol:+i-x\ 

j>0 i>0 

the complex com(A'^*)|jy=2; can be presented as 




where all the arrows are given by dw/xl . This immediately gives the isomorphism (2.15). The 
equality of the summands in (2.13) corresponding to 5^ 7^ 1 is verified similarly by explicitly 
calculating (id X7)*A^*|j^=3; ~ A^*|y=-^j. as in [49, sec. 2.5]. 

Since each is an isolated singularity (see [49, Lem. 2.5.3(i)]), the cohomology of the 
complex (2.14) is isomorphic to H{w^) x"^ concentrated in (cohomological) degree 
n-y. Hence, using (2.13) we see that the cohomology of com(AQ) is isomorphic to 

00(if(to,)®x'^n[2i-%]- 

Passing to F-invariants and substituting i ^ n-y — i we get the result. The last assertion 
follows from the computation in [49, Sec. 2.5]. 

(ii) In general, if a : C — > C is an autoequivalence of a dg-category, the induced automorphism 
a* of HH^{G) is defined as follows (see section 2.5). We have an induced equivalence of a^'^^ 
of (8) 6 and natural isomorphisms 

:IVeo («(')) -IVe, 
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(/.:(«(2))(Ae)~Ae (2.16) 

that induce an automorphism 

a, : M,(e) = Tre(Ae) ^ Tre((a('))(Ae)) ^ Tre(Ae) = M.(e). 

Now let us speciahze to the case of C = MFr(if) and the autoequivalence a given by the 
tensoring with a character 77 of F. Under the identification of the perfect derived category 
Per(e<'P ® e) with HMFr(2)(A" x A",iD) (see Corollary 2.3.2) the functor a^^^ corresponds 
to tensoring with the character ri~^ x r7|r(2). Recall that by Proposition 2.4.1, the kernel 
Ag representing the identity functor in this case is A^ = ^^^Qiid X7)*A''*. It is easy to 
check that the isomorphism in this case is given by the multiplication by ^7(7)"^ on the 
component (id X7)* A^*. Since, the automorphism a* is obtained by the restriction of (p to the 
diagonal in A" x A", we obtain that a* acts as 7^(7)"^ on the component of iifiJ* (MFr(iu)) 
coming from the term 

(id X7)*A«\=, ~ A«\=^, 

of Ag, which is exactly the term corresponding to 7 in the decomposition (2.10). 
(iii) Let us apply the general construction of Section 2.5 (see also Appendix) to the forgetful 
functor $ : e ^ I), where C = MFr(iy) and D = MFr'(iy). By Corollary 2.3.2, we have 
natural equivalences 



and the natural morphism 



Per(e ® ~ HMFr(2)(u? (-w?)), Per(D ® T)'^) ~ HMF(r,)(2) (w? (-«?)). (2.17) 

Under the equivalences (2.17) the induced functor : Per(e ® 6°^) Per(D ® D°p) is 
identified with the forgetful functor corresponding to the restriction from F^^^ to (F')(^). The 
map on Hochschild homology is given by the composition 

Tre(Ae) ^ Tr^ $(')(Ae) ^ 

via the natural transformation 

Tre^TrDO$(2) (2.18) 

$(^)(Ae)^AD. (2.19) 

As we have seen in the beginning of the proof of (i), the functor Trg (resp., Tri)) can be 
identified under the equivalences (2.17) with the restriction to the diagonal followed by taking 
F-invariants (resp., F'- invariants) . Since the morphism (2.18) on objects of the form ® 
e e® corresponds to the natural embedding Home(-E'2, ^^i) HomD($(£'2), $(-Ei)), 
we see that the morphism (2.18) corresponds to the natural embedding of F-invariants into 
F'-invariants. On the other hand, using equivalences (2.17) and (2.12) we have 

Ae 0(id X7)*A^, Ao, ^ (id X7')*A^. 

7eG 7'eG' 

We claim that the morphism (2.19) corresponds under these identifications to the natural 
projection (identity on summands corresponding to elements 7 e G', and zero on all the 
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other summands). This will immediately imply the desired statement. By choosing a F- 
equivariant generator of the category of (non-equivariant) matrix factorizations of w, we 
can reduce the task to a similar question for a dg-algebra A with an action of the group G. 
The analog of a representation of the identity functor via the kernel (2.12) is the functorial 
isomorphism of -modules 

M^{A[G]0AMf -.m^^-f-^ (2.20) 

where M is any module over A[G], the twisted group algebra of G. The G-invariants on the 
right-hand side of (2.20) are taken with respect to the action of G on A[G] ®a M given by 
^ ■ (x^m) — x^~^ (8) 7m, while the 74[G]-structure is induced by the the left action of A[G] 
on itself. The morphism (2.19) is obtained via the natural isomorphism 

$(=^)(Ae) ~ $0^, 

where ^ : A[G'] — mod — )■ A[G] — mod is the right adjoint functor to the restriction functor 
$ : A[G] — mod A[G'] — mod. For an 74[G']-module we have a functorial isomorphism 
of A [G] -modules 

*(iV) ~ {A[G] ®A Nf' 
(with the same conventions as in (2.20)). Namely, for any 74[G]-module M the isomorphism 

RomA[G'](M, N)^RomAiG](M, (A[G] 0a Nf) 

sends f : M ^ N to the homomorphism 

■yeG 

Thus, the adjunction map ($ o '^){N) N is given by the map of G"-modules 



{A[G] 0A {A[G] 0A Nf'f ~ (P 0A Nf {A[G'] ® Nf ~ N 

where P = {A[G] 0^ AfG])*^ ~ A[G] as A[G'] - A[G']-bimodule, and the map tt is induced 
by the projection A[G] — >■ A[G'] (sending [7] to zero for all 7 e G \ G'). This imphes our 
claim. □ 



Corollary 2.6.2. Let w' be a quasi-homogeneous potential on A™ with an isolated singularity 
at 0, semi-invariant with respect to the same group F and the same character % : F ^ G^. 
Then the tensor product functor induces an isomorphism 

:K{w') 0r J{{w) HH^MFriA"^ x A", w' © w)^^, (2.21) 

where R — C[G] and the G x G-action on the Hochschild homology is induced by the action 
ofGxGonA'^x A". 
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Proof. By Corollary 2.3.2 together with the Kiinneth formula for Hochschild homology (see 
[55, Sec. 2.4], [49, 1.1.4]), the tensor product induces an isomorphism 

:K{w') ®c ^(w) HH^ (MFr(2)(A"^ x A", w'®w)). 

Now by Theorem 2.6.1(iii), the map 

coincides with the projection to the components associated with the image of the diagonal 
embedding G ^ G x G (where we use the natural G x G-grading on the F^^^-equivariant 
Hochschild homology). Similarly, the map 

can be identified with the projection to Q^^q ej'K{w')^e.y'K{w) , so the assertion follows. □ 

Example 2.6.3. Consider F = embedded naturally into Tyj via A i->- (A'^^, . . . , A*^"), so 
that the induced character x '■ '^m is A i->- A'', and G — Z/d. Then 

jeZ/d,iGZ 

where nj is the number of s G [1, n] such that d\jds (we use the Z-grading of H{wj) induced 
by the Z-grading of the variables Xi). 

Remark 2.6.4. In the case n = and to = the category DMFr(O) is (noncanonically) 
equivalent to D(G' — mod). Similarly, DMFp(2) (0) is equivalent to D(G^— mod). The diagonal 
object in this case can be identified with 

where Iq is the trivial representation of G. 

2.7 The Chern character and the canonical bilinear pairing 

Recall that there is a canonical pairing on Hochschild homology 

(•, •) : HH,{MFt{w)'^) (g) HH,{MFr{w)) C (2.22) 

induced by the dg-version of the trace functor (2.6) restricted to perfect bimodules (see [49, 
Sec. 1.2]). Under the identification of Z/2-graded spaces HH^{MFy{w)) ~ HH^{MFg{w)) 
this pairing coincides with the nondegenerate bilinear pairing on Hochschild homology of 
MFciw) calculated in [49] (see Theorem 2.6.1). Note that the duality (3.10) gives a natural 
equivalence MFr(to)°^ — MFr(— to), so that the canonical pairing is induced by the dg- 
functor 

MFr(-'i«) (8) MFr(to) Com/(C - mod) : {E, F) ^ com{E Ff, 
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where Comj(C— mod) is the category of complexes of C- vector spaces with finite- dimensional 
total cohomology. 
Let us denote by 

:K(w) = HH,(MFr{w)) = H(w^f (2.23) 
the Hochschild homology space computed in Theorem 2.6.1(i). 

Definition 2.7.1. Let R = C[G] be the group algebra of the dual group G. We define an 
i?-bilinear version of the canonical pairing (2.22) 

::K{-w)^:K{w) ^ R (2.24) 

as the map on Hochschild homology induced by the tensor product functor 

MFr(-w;) ® MFr{w) Com/(G - mod) : {E, F) ^ comdE ® F) 

where com^ is given by (1-12), Com/(G' — mod) is the category of complexes of G- modules 
with finite-dimensional total cohomology. 

We have an isomorphism 

com{E (g) F)^ ~ couiaiE (g) F)'^, 

which implies that 

(•,-)=tro(,.)^, (2.25) 

where tr : — >■ C is given by 

tr(J]c,-[77]) = ci. (2.26) 

Proposition 2.7.2. The pairing (•, ■)^ is perfect and the corresponding Casimir element 
is given by 

= 1^ ■ 5^(idx^)*ch(A^) e HH,{MFr{A^ x A",t^))«^« ~ :K{-w) ®r:K{w), 

' ' 9€G 

where the last isomorphism comes from Corollary 2.6.2. 

Proof. Since the functor $A|t given by the kernel is isomorphic to the identity functor 
(see Proposition 2.4.1 (i)), the composition 

MFr{w) MFr(wJ © {-w) © w) ^ UFr{w) 

is isomorphic to the identity. Hence, the composition of the induced maps on Hochschild 
homology 

'K{w) HH^MFriw © (-w) © w)) — :K(w) 
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is equal to the identity. Since (3 is equivariant with respect to the G-action on /7/J^,(MFr(if © 
{—w) © w)) given by the embedding oflxlxGcGxGxG and the trivial G-action on 
IK(iy), we have /3 o [\G\^^ ■ '^^geci^^ ^ ^d)* o a) = id . But the element 

= ^ • ""dT ch(A^) e HH^MFrii-w) © to)) 

l^^l geG 

is invariant under G x G (since is equivariant with respect to the diagonal action of G) . 
Therefore, we have 

/3{x (g) T^) = X 

for any x e !K{w). It remains to observe that x <SiT-u, belongs to the subspace 
HH^MFriw © {-w) © w,))GxGxG _ ^^^^^ J{(-ty) 0^ 

and the restriction of /3 to this subspace is equal to (■, ■)-^ © id. 

By definition, the pairing (■, - j^ is obtained as the restriction to the space of G x G- 
invariants of the map 

HH^{MFr{{-w) ® w)) ^ R 
induced by the functor of restricting to the diagonal. 

□ 

Example 2.7.3. Let i : {0} ^ A" denote the natural embedding, and let 

K : HH^(MFr(w)) R 
be the i?-linear functional induced by the restriction functor 

MFr(to) ^ Com/(G - mod) : E ^ comG{i*E). 

Then 

k{x) = (x,ch(e*))^. 

Indeed, this follows from Lemma 2.2.2 by speUing out the definitions. 

Using (2.25) and the formula for the canonical pairing (-, ■) from [49, Thm. 4.2.1], we 
deduce the following explicit formula for the i?-bilinear pairing (•, •)^. 

Lemma 2.7.4. Let us consider the standard residue pairing 

{f ®dx,g®dx)^ = (-l)(2)Reso(/-^) 

on the twisted Milnor ring ® dx = H{w) (where Reso is the Grothendieck residue on 
Ayj). For h e 'K{w) let e H{wj) be the component ofh with respect to the decomposition 
(2.23). Then the R-bilinear canonical pairing (2.24) is given by 
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where 



e. 
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|4-E^"'(^)W- (2-28) 



c^ = det[id-7,T7(TT]-\ 

and T* ^m/rn^. 

Proof. By Theorem 2.6.1, the decomposition (2.23) coincides with the decomposition 

w] 

induced by the i?-module structure on "Kiw). Since both sides of (2.27) are i?-bihnear, 
it is enough to check the equahty after applying tr (see (2.26)) which holds by [49, Thm. 
4.2.1]. □ 



3 F-spin curves and ly-structures 

3.1 Abstract lu-structures 

Let 

N 

w{xi, . . . ,x„) = ^CfcMfc 
fe=i 

be a Laurent polynomial in xi, . . . , where e C* and 

n 
i=l 

are monomials. We denote by vn^ ■ — >■ the map given by the matrix (m^j) of 
exponents. 

Definition 3.1.1. Let d = (di, . . . , d„) e Z" be a primitive vector and let d be an integer. 
A Laurent polynomial is quasihomogeneous of degree d with respect to d if 

The above equation is equivalent to 

ni^{d) = d-e, (3.1) 

where e G Z^ the vector with all components equal to 1. Let us consider the dual homo- 
morphisms m.*^ : ^ Z", e* : Z^ ^ Z and d* : Z" ^ Z. Then (3.1) implies that 

d*om;^ = de*. 
39 



Let us consider the subgroup Py^ = im(mj|^) C Z". Then we obtain that the restriction d*|p^ 
is divisible by d and we can define the homomorphism 

deg = ^d* : ^ Z, (3.2) 

so that degom;j„ = e*. 

Definition 3.1.2. Let C be a symmetric monoidal category with a unit object 1, and 
let £■ e C be an invertible object. Let also to be a Laurent polynomial in xi,...,Xn, 
quasihomogeneous of degree d with respect to d. 

(i) A (w, d) -structure in C with respect to £■ is a monoidal functor 

$ : z" ^ e 

together with an isomorphism of monoidal functors 

^\Pv, ^ A o deg, 

where A : Z — )■ C is the monoidal functor i — E'®', and deg is the homomorphism 

(3.2). 

(ii) Assume in addition that lo is a polynomial. A weak {w, d) -structure in C with respect 
to £^ is a monoidal functor 

$ : z" ^ e 

together with a morphism of monoidal functors 

0:^|p+ ^A°deg|p+, (3.3) 

where P+ = n Z^q- 

Here we view the abelian monoids Z" and as symmetric monoidal categories where 
the only morphisms are the identity morphisms. 

The following proposition gives a more down-to-earth interpretation of lo-structures. 

Proposition 3.1.3. Let w be a Laurent polynomial, quasihomogeneous of degree d with 
respect to d, and let (6, E) be as above. 

(i) Let Vi, . . . ,Vn be a basis ojlT' such that kiVi, . . . , krVr is a basis of P^ for positive integers 
ki, . . . , kr, where r = rkP^ < n. Then isomorphism classes of w-structures with respect to 
E correspond to isomorphism classes of collections of invertible objects $(vi), . . . , ^{vn) in 
C together with isomorphisms 

(pi : $(^;i)®'=' ^ ^deg(fc,^,)^ i = l,...,r. 

(ii) Assume in addition that w is a polynomial. For every weak {w, d)-structure ($, 0) in C 
with respect to E E G, such that is an isomorphism, there exists a unique extension of (f) 
to an isomorphism of monoidal functors 

: $|p^ ^ A o deg, 

i.e., to a {w,d) -structure. 
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Proof, (i) Any monoidal functor $ : Z" — )■ C is determined up to an isomorphism by the 
collection of invertible objects . . . , ^{vn). The same is true for the group ~ 

with the basis kiVi, . . . , krVr- Now the result follows from (i). 
(ii) For p e P+ we have an isomorphism 

~ ~ ^-deg(p) ^ £;deg(-p)^ 

where the first isomorphism comes from the monoidal structure on $ and the second is 
induced by (f). Since P^ is generated by the vectors dl^{es) G Z"q, s = 1,...,N, every 
element of P^ can be represented as p — p' with p,p' G P^. The monoidal structure on $ 
gives an isomorphism p') ~ ® $(]?') Now and induce an isomorphism 

0(p - p') : $(p - p') E'^^^^P'> ® £;-deg(p') ^ ^deg(p-p')^ 

which is the unique extension of (p to Pw □ 

Definition 3.1.4. The {w, d)-structure in C with respect to = 1 given by $(?) = 1 with 
the identity isomorphisms (p is called the trivial {w, d)-structure. 

Proposition 3.1.5. Suppose that End(l) is an algebraically closed field, E 1, and a 
{w, d)-structure ($, 0) satisfies $(ej) ~ 1 for every j. Then this {w, d)-structure is isomor- 
phic to the trivial {w,d) -structure. 

Proof. By Proposition 3.1.3, such a (ly, d) -structure corresponds to a collection of isomor- 
phisms (f)i : — > 1, i = 1, . . . , r. But ^{vi) ~ 1, so (pi can be viewed as an element of 
End(l). Choose G End(l) such that ^f' = (pi. Then the morphisms 

^Vi) ~ 1 1 

induce an isomorphism with the trivial {w, d)-structure. □ 

Remark 3.1.6. We will sometimes omit the vector of degrees d from notation and talk 
simply of ty-structures, when this vector is fixed. In the case when m^j, is injective the 
vector d is uniquely determined by id up to a sign. 

3.2 F-spin curves and their moduli 

Let us fix an algebraic subgroup F C with a surjective character x : F — )> G„t such that 
G = ker(x) is finite. Thus, we have an exact sequence of commutative algebraic groups 

1 ^ G ^ F Gm 1. 
With these data we will associate a finite covering 
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of the Deligne-Mumford moduli stacks of stable curves. The stacks Sp,r,r,x slight gener- 
alizations of the moduli spaces of lu-curves considered in [14]. 

Recall (see [3, Sec. 4], [14, Sec. 2.1]) that an orbicurve with marked points (C,Pi, . . . ,Pr) 
is a proper Deligne-Mumford stack C whose coarse moduli space is a (connected) nodal curve 
C, equipped with marked orbipoints pi, . . . ,pr C C, such that the projection p : 6 — )■ C is 
an isomorphism away from the marked points and from the nodes. It is also required that 
each node is locally modeled by a quotient stack of the form {xy = 0}/(Z/n), where the 
action of Z/n is given by {x,y) i-^ {exp{2ni/n)x,exp{—27ii/n)y). We say that an orbicurve 
C is smooth if the curve C is smooth. We denote by 

i^e ^ = p*{ujcipi + ...+ Pr)) 

the log-canonical line bundle with respect to pi, . . . ,Pr (see [14, Def. 2.1.2]) 

Definition 3.2.1. (i) A {T,x)-spin curve (a T-spin curve for short) is an orbicurve with 
marked points (C, pi, . . . , Pr) together with a principal F-bundle P over C and an isomorphism 
of G^-bundles 

e:x*P^P{co'n, (3-4) 

where P{uj^q^) is the principal G^-bundle associated with the line bundle uj^q^. An iso- 
morphism between two F-spin curves is an isomorphism of curves with marked points 
/ : (C,Pi, . . . ,Pr) — ^ {Q',Pi, ■ ■ ■ ,p'r) an isomorphism of F-bundles t : P ^ f*P' compati- 
ble with isomorphisms (3.4) for P and P'. 

(ii) Let (P, e) be a F-spin structure on an orbicurve (C,pi, . . . ,Pr)- For each marked point 
Pi let us consider the homomorphism 

G{pi) ^ F c (C*)" (3.5) 

from the local automorphism group of C at pi associated with its action on the fiber of P at 
Pi. We denote by 

7, = 7,(P) = (7a,...,7m)e(C*)" (3.6) 

the image of the canonical generator of the cyclic group G{pi) under (3.5) The collection 
7 = (71, . . . , 7r) is called the type of the F-spin curve. 

(iii) We say that a F-spin curve is stable if (C,Pi, . . . ,Pr) is stable and all the homomor- 
phisms (3.5) are injective. 

Since the restriction of cj^q^ to each marked point is trivial, the isomorphisms (3.4) imply 
that the elements 7^ G F belong to the subgroup kcr(x) = G. For a stable F-spin curve we 
will identify G{pi) with the subgroup (7j) C G generated by 7j. 

It is useful to rewrite the definition of a F-spin structure in terms of principal bundles 
that have only algebraic tori as structure groups. Namely, consider the algebraic torus 
T = G^/G. The embedding F induces an embedding ip : = T/G ^ T. Thus, we 
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have a commutative diagram with exact rows 




(3.7) 



such that 71 induces an isomorphism GJ^/F — )■ T/(p{Gm)- 

The principal F- bundle P in Definition 3.2.1 gives rise to a G^- bundle P' via the embed- 
ding F G^. We are going to rewrite the definition of a F-spin structure in terms of P' 
and the homomorphisms tt and (p from diagram (3.7) (see Proposition 3.2.2(i) below). On 
the other hand, we can view P' a collection of line bundles (£i, . . . , £„) on C. We will show 
that the isomorphism (3.4) can be interpreted as a {w, d)-structure in the category of line 
bundles on C with respect to cu^q^ for some quasihomogeneous Laurent polynomial w (see 
Section 3.1) 

Let Fq be the connected component of 1 in F. Fq is a one-dimensional torus, so we 
can choose an identification Fq = Gm- The embedding Fq = Gm ^ G^ takes form A i— >■ 
(A'^% . . . , A'^") for some primitive vector d = {di, . . . , dn) € Z". Furthermore, the restriction 
of the character % to Fq = G^ is given by A A'^ for some d. Note that the degrees 
(d, d) G Z"+^ arc determined by F uniquely up to a sign. 

Proposition 3.2.2. (i) The category ofT-spin structures on (C,pi, . . . ,Pr) is equivalent to 
the category of pairs {P',£'), where P' is a principal G^-hundle and e' is an isomorphism 



£':7r*P'^(^*P(4°^). 



(3.8) 



(a) There exists a Laurent polynomial w{xi, . . . ,Xn), quasihomogeneous of degree d with 
respect to the grading of the variables given by d, such that G is equal to the subgroup of 
diagonal symmetries of w. 

(Hi) For any w as in (ii) the category of {w, d)- structures in the category of line bundles on 
6 with respect to Wg"^ is equivalent to the category of (F, x)-spin structures on (C,pi, . . . ,Pr)- 
(iv) Let w be a quasihomogeneous polynomial of degree d > with respect to the grading 
given by d, and let G be a finite subgroup of the group Gw of diagonal symmetries of w, 
such that G contains the exponential grading element J (see (2.2) Let also F C G^ be 
the subgroup associated with G C G^ by Lemma 2.1.1. Then to any T-spin structure on 
(C,pi, . . . ,Pr) there corresponds a natural {w, d)-structure in the category of line bundles on 
C with respect to Uq^- 

Proof, (i) A F-bundlc P can be viewed as a G^-bundle P' together with a trivialization of 
the induced GJ!^/F-bundle. Commutativity of the right square in (3.7) shows that 
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Hence, the isomorphism (3.4) gives rise to an isomorphism (3.8). Conversely, starting with a 
pair {P',e') we observe that the isomorphism (3.8) induces a triviahzation of the T/ip{Gm)- 
bundle obtained by the push-out from 7r*P', or equivalently a triviahzation of the G^/F- 
bundle obtained by push-out from P' . Thus, we can reduce the structure to F and obtain 
a F-bundle P. Now both parts of (3.8) become push-outs of the corresponding parts of 
(3.4) with respect to (p. Since e' is compatible with the trivializations of the push-outs with 
respect to the projection T T/ip{G^), it induces an isomorphism (3.4). 

(ii) Consider the exact sequence of algebraic tori 

1 Gm T^T' ^1. 

Since we work over C, we can find a splitting T ~ x T'. Consider the collection of 
characters of T 

rio = (id, 1), 771 = (id, ei), . . . , rjn-i = (id, e^-i), (3.9) 

where id is the identity character of G^ and (ei, . . . , e„_i) is a basis of the group of characters 
of the torus T". We have 

n— 1 n— 1 

1^ ker (r^j) = 1, hence, ker(r7j ott) — G. 

1=0 i=0 

Furthermore, each of the characters 

Mj = r^i o TT : G;^ ^ G^ for i = 0, . . . , n - 1 (3.10) 

has the property 

Recall that the restriction of x to Tq = G^ sends A to A'^. Therefore, each Mj can be 
viewed as a Laurent monomial in xi, . . . ,Xn of degree d with respect to d. Thus, we can 
take w = Yh=o ^i- 

(iii) First, we observe that for an algebraic torus T the category of principal T- bundles on C 
is equivalent to the category of monoidal functors from with the character group X{T) to the 
monoidal category 7ic{G) of line bundles on C Namely, with a T-bundlc P we associate the 
monoidal functor $p sending a character rj : T ^ Gm to the line bundle corresponding to 
the induced G^-torsor rj^P. Indeed, a choice of a basis of X{T) shows that both structures 
are equivalent to collections of fine bundles on 6. If / : Ti — > 72 is a homomorphism of tori, 
then the monoidal functor $/^Pi : -^(^2) — >■ J'ic(C) associated with the push-out f^Pi of a 
principal Ti-bundle is isomorphic to the composition o /*, where /* : ^(^2) X[Ti) is 
the induced homomorphism of the character groups. 

Given a Laurent polynomial w = XlfLi as in (ii), we have 

G = ker((m^),:G;^^G^), 

where : — > 7/^ is the linear map defined by the exponents of the monomials Mg 
(see Section 3.1). Hence, the map (m^)* factors through the projection tt : G^ — > T 
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followed by an embedding of tori T G^. The induced homomorphisms of character groups 
11^ X{T) and tt* : X{T) — )> Z" are surjective and injective, respectively. Therefore, tt* 
induces an isomorphism of X{T) with — im(m^j,) C Z" such that the homomorphism 
deg : — > Z gets identified with the homomorphism on the character groups cp* : X{T) — )■ Z 
induced by the embedding of tori : G^ — >■ T. Now the assertion follows from (i). 
(iv) Let us choose a Laurent polynomial w(xi, . . . , x„) as in (ii). By adding extra monomials 
to w we can assume that w contains all the monomials in w. By (iii), a F-spin structure 
induces a {W, d)-structure, which in turn gives a {w, d)-structure. □ 

Remarks 3.2.3. 1. Proposition 3.2.2(ii) implies that for a quasihomogeneous polynomial 

w, every finite subgroup G of the group of diagonal symmetries such that G contains 
the exponential grading element J, is admissible in the sense of [14, Def. 2.3.2]. 

2. Let {P,s) be a F-spin structure on {Q,pi, . . . ,Pr)- Any Laurent monomial M : G^ 
Gm of degree d with respect to d, such that M\g — 1, restricts to the character x on T. 
Indeed, the condition that M\g — 1 imphes that M|r = x" for some a e Z. The fact that 
a = 1 follows from the equality M|ro = xiro which in turn follows from the condition that M 
has the degree d with respect to d. Thus, the isomorphism (3.4) gives rise to isomorphisms 



for any Laurent monomial M of degree d, with respect to d such that M\g = 1. These 
are the kind of isomorphisms that appear in the original definition of a lo-structure in [14]. 
More precisely, if w{xi, . . . , Xn) is a Laurent polynomial, quasihomogeneous of degree d with 
respect to d, such that G is equal to the group G^ of diagonal symmetries of w, then by 
Proposition 3.2.2(iii), the notion of a F-spin curve is equivalent to the notion of a w-curve 
defined in [14, Sec. 2.1] (generalized to the case when it) is a Latirent polynomial). Indeed, the 
Smith normal forms appearing in [14, Def. 2.1.10] is just a way of recording an isomorphism 
of monoidal functors from a free abelian group in coordinates (see Proposition 3.1.3). More 
generally, if G is just a subgroup of G^^ containing J, then by Proposition 3.2.2(iv), any 
F-spin curve has a natural structure of a lo-curve. 

We will give now yet another way to describe F-spin structures. 

Corollary 3.2.4. The category ofT-spin structures on {Q,pi, . . . ,Pr) is equivalent to the 
category of collections of n line bundles Li, ...,£„ on G together with isomorphisms (3.11) 
for the Laurent monomials M — Mq, . . . , M„_i given by (3.10). 

Proof. The line bundle {Li, . . . , Ln) are obtained from a F-spin structure as discussed before 
Proposition 3.2.2. The isomorphisms (3.11) for the monomials Mq, . . . , M„_i correspond to 
an isomorphism of T-bundles (3.8) under the identification 



M(£i,...,£„) 



log 

e ' 




(Mo,Mi,...,M„_i):T 



G: 



n 



□ 



We are going to work with the moduli space of F-spin curves. 
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Definition 3.2.5. A genus-(7, stable F-spin curve with k marked points over a base T is a 
fiat family C — )■ T of genus- 5^ orbicurves with gerbe markings Pi, ■ ■ ■ ,Pk C C and sections 
(Ti : T ^ Pi inducing isomorphism of T with the coarse moduli of pj, together with a relative 
F-spin structure (P, e) on C, such that all the fibers over closed points of T are stable F-spin 
curves. Here P is a F-bundle on 6, and 

is an isomorphism of Gm-bundles on C, where Wg"^ is the relative log-canonical line bundle. 
These structures naturally form a stack S^^,. = Sg,,.,r,x) which is the disjoint union of the open 
and closed substacks §^(7) for 7 e parametrizing F-spin curves of type 7. 

Proposition 3.2.6. The stack r is a smooth proper DM-stack over C with projective 
coarse moduli, and the natural forgetful morphism Sg^r ~^ ^g.r is quasi-finite. If G is equal 
to the group of diagonal symmetries of a Laurent polynomial w, quasihomogeneous of 
degree d with respect to d, then Sg^r is naturally isomorphic to the stack Wp ,.(iy) of w-curves 
constructed in [I4, Sec. 2.2]. 

Proof. First, we observe that although Fan-Jarvis-Ruan assume that lu is a polynomial, 
the definition of a ty-structure and the results of [14, Sec. 2.2] are valid also in the case of 
a quasihomogeneous Laurent polynomial with finite group of diagonal symmetries (in fact, 
this extension is used in [14, Sec. 2.3] to define the moduli spaces associated with admissible 
subgroups of Gw)- 

Applying Proposition 3.2.2(ii,iii), we see that our moduli stack $g^r is naturally isomorphic 
to ys!g^r{w) for some quasihomogeneous Laurent polynomial w. Now we can use [14, Thm. 
2.2.6] to derive the required properties of the stack Sg^,.. (Alternatively, by modifying the 
arguments of [14, Thm. 2.2.6] one can work directly with F-spin structures.) □ 

Similarly to [14, Sec. 2.2.3] we consider rigidifications of F-spin curves. 

Definition 3.2.7. A rigidification of a T-spin structure {P,s) on an orbicurve G at a marked 
point Pi is a trivialization of P\pi, i.e., an isomorphism 

P\p^ ^ r/(7,) 

compatible with the canonical trivialization of a;g"^|p. via the isomorphism (3.4). A rigidifi- 
cation of a F-spin curve (C,pi, . . . ,Pr; P, e) consists of a collection of rigidifications of (P, e) 
at every marked point pi. 

The group YYi=i^/{li) ^^ts simply transitively on the set of rigidifications of a given 
F-spin curve. Thus, the moduh stack of rigidified F-spin curves is a ni=i ^/ (7i)-torsor over 
§3(7) that we denote by 

Sf (7) ^ S.(7) (3.12) 

Let (£1, . . . , £„) be the line bundles associated with a F-spin structure P. For each {pi,j) 
such that the jth component of 7^ is trivial, a rigidification structure induces a well-defined 
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trivialization of J^j\p^. Below we will define a different version of a rigidification structure 
that keeps track only of these trivializations. 

First, we define restrictions of F-spin structures associated with coordinate projections 

Definition 3.2.8. Let / = {ii, . . . , i^} C {1, . . . , n} be a subset such that the vector d/ = 
{di^, . . . ,dii^) is not zero, and let 

m m 

be the corresponding coordinate projection. We say that / is (F, x)- (admissible if the character 
X factors through the projection F — )■ F/ := Pi{T). 

The following statement is an immediate corollary of the definitions. 

Lemma 3.2.9. Assume that I is {r,x)- admissible. Let x/ : F/ — >■ Gm be the character of 
F/ induced by x- Then any {r,x)-spin structure {P,b) on (C,pi, . . . ,pr) naturally induces a 
{T i,xi)-spin structure {Pj,ei) on (C,pi, . . . ,Pr) with Pi = {pi)*P. Also, a rigidification of 
{P,e) induces a rigidification of {Pi,ei). 

□ 

For every 7 G G C G^ let us denote by 1(7) C {1, . . . , n} the set of all j such that the 
jth component of 7 is trivial. 

Definition 3.2.10. Assume that the degree di is nonzero for every i = 1, . . . ,n. 

(i) A collection 7 = (71,. ..,7^) G C is called {T, x)- admissible if I {ji) is (F, x)-admissible 
for every i — 1, . . . ,r. 

(ii) If 7 is (F, x)-admissible, we define a restricted rigidification of a F-spin structure 
(P, e) of type 7 as a collection of rigidifications of the induced F7(-y.)-structure (-P7(7i), £7(7;)) 
at Pi for i = 1, . . . , r. 

Note that by definition, a restricted rigidification of a F-spin structure consists of trivi- 
alizations of 'Cjlp. for j G /(7i) and i = 1, . . . ,r, satisfying certain compatibilities. 
For a (F, x)-admissible collection 7 = (71, . . . , 7^) G let us set 

r 

G(7)=n^A7.), where 

i=l 

Then the group G{^) acts simply transitively on the set of restricted rigidifications of a 
given F-spin curve of type 7. We denote by §^'^'^(7) §9(7) the G(7)-torsor of restricted 
rigidifications. We have a natural surjcctive morphism 

Sf (7) ^ Sf '"(7) (3.13) 

compatible with the homomorphism 



1=1 



Therefore, that the G(7)-torsor S"^'°(7) is isomorphic to the push-out of (3.12) with respect 



to Ty. 
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Lemma 3.2.11. Let w{xi, . . . , x^) be a polynomial with an isolated singularity at the origin, 
quasihomogeneous of degree d with respect to d = {di, . . . , dn), where di for i = 1, . . . ,n. 
Let also G C be a finite subgroup containing the exponential grading element J , and 
let r C 'Gi^ be the corresponding extension of by G (see Lemma 2.2). Then every 
7 = (71, . . . , 7r) e C is (r, x)-admissible. 

Proof. It is enough to check that for every 7 e G^ the set 1(7) C {l,...,n} is (r,x)- 
admissible. To do this we use the fact that the restriction of w to the subspace of 7-invariants 
still has an isolated singularity at the origin (sec [49, Lcm. 2.5.3(1)]). In the case 1(7) = 0, 
the assertion is trivial, so we can assume that 1(7) = {ii,...,^^} ^ 0. Let us take any 
monomial M{xi-^, . . . ,Xif,) occurring in the restriction of w to the subspace of 7-invariants. 
Since M also occurs in w, the action of F on M rescales it by the character x- But M factors 
through p7(^) : — >■ G^, hence, x ^.Iso factors through pi{-y). □ 

3.3 Invariants of smooth F-spin curves 

Wc keep the assumptions and notation of the beginning of Section 3.2. Let (6, pi, . . . , Pr] P, e) 
be a F-spin curve of type 7 = (71, . . . , 7^) G with a smooth orbicurve C, and let £1, . . . , 
be the line bundles associated with the GJ^-bundle P. As in Section 3.2, consider the map 
p : G ^ C, where C is the smooth curve obtained by forgetting the orbi-structure at the 
marked points, and the line bundles Lj — p*{£ij) on C. 
For 7 e G we define 



Let J = exp(27riq) G (C*)" be the exponential grading element (2.2), where q = (gi, . . . , g„) G 
Q" with Qj = dj/d. Note that by definition, J G = Fq C F. Furthermore, x(J) = 1, 
so J belongs to G = ker(x) C F. The following result is essentially contained in [23, Prop. 
2.1.23, 2.2.8]. 

Proposition 3.3.1. Let g be the genus of C . 
(i) One has the following identity in G: 




7 = exp(27ri0^) = (exp(27ri^i), . . . , exp(27ri^„)) G (C*)". 



71 • • • • • 7r 



(3.14) 



Furthermore, consider the vector 



deg = (degLi, . 



degL,) gZ". 



Then 



deg = (2y - 2 + r)q - 6>i - . . . - 6, 



(3.15) 



where 6. — 6. 
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(ii) There exists a T-spin structure on (C,pi, . . . ,Pr) of type j if and only if (3.14) is satisfied. 
(Hi) There exists a simple transitive action of the group H^{C,G) on the set of isomorphism 
classes ofV-spin structures on (C,Pi, . . . of type 7. In particular, if this set is nonempty, 
then it has elements. 

Proof, (i) Let M — x'l^ . . . be a Laurent monomial of degree d with respect to d, such 
that M\a — 1, and let Zm : — >■ ^ denote the corresponding hnear form 'Y^. kjc*. Then it 
follows immediately from the definition (2.2) that 

luiq) = 1. (3.16) 

Recall that by (3.11), the line bundle M{£ji, . . . , £„) is isomorphic to (jO^q^. Considering this 
isomorphism near each marked point we obtain that 

Im{&s) e Z for s = 1, . . . , r. 
We claim that the isomorphism (3.11) induces an isomorphism 

M(Li, . . . , L„) ~ U?^\-lM{.e^)Pl - ... - lM{er)Pr)- (3.17) 

Indeed, let p — Ps he one of the marked points, and let 2; be a local coordinate near p on 
C, so that the generator gp of the local group G{p) acts on z by the multiplication with 

exp{—2ni/m). Then we can view z"^ as a local coordinate near p = Ps on C . For each j let 
ej{p) denote a generator of Lj as an Og-module near p. For every j = 1, . . . , n, we have 

9p • ej(p) = exp(27ri05j) • ej(p), 

where dg = {Bgi-, ■ ■ ■■, Osn)- The hne bundle Lj = p^Lj is generated near p by 2;™^'^ ■<^j{p)- The 
isomorphism (3.11) implies that the action of G{p) on M(e,(p)) is trivial. Hence, the line 
bundle p*(M(£,)) is generated near p by M(e,(p)). On the other hand, L^^^ is generated 
by z^^^^^i ■ ej{p)®^^ near this point. Thus, we have an isomorphism 

r 

M(L.) ^-p,(M(£.))(-^a,p,), where 

n 

Os = ^ %^sj. 

Since p*(M(£,)) ~ p^{uq^) ~ cu^^, this gives (3.17). 

Comparing the degrees in (3.17), we get a system of equations 

/M(deg) = 2^ - 2 + r - /m(6'i + . . . + Or), 

where M runs over Laurent monomials of degree d with respect to d such that M\q — 1. 
Using (3.16) we can rewrite this system as 

ZM(deg) = Im {{2g - 2 + r)q - 6>i - . . . - 6>,)) . 
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Now (3.15) follows from the fact that among Im there exist n linearly independent forms: it 
is enough to take the monomials M corresponding to the characters (3.10). Since deg G Z", 
this also implies (3.14). 

(ii) Given (71,..., 7^) G G"" satisfying (3.14), by Corollary 3.2.4, we have to construct a 
collection of line bundles (£1, . . . , £„) on C, such that the action of the local group at every 
marked point Ps on the fiber of 0^- Zj at Ps is given by 7^, and isomorphisms 

Mi(/:i,...,£„) -4°^ for i = 0,...,n-l, (3.18) 

where Mo,...,M„_i are the Laurent monomials corresponding to the characters (3.10). 
First, we claim that there exists a collection of line bundles (Li, . . . , L„) on C together with 
isomorphisms (3.17) for M — Mq, . . . , M^-i- Indeed, since the characters (3.9) form a basis 
in the character lattice of T, the matrix of exponents of the monomials Mq, . . . , M„_i is 
nondegenerate. Therefore, by the divisibility of the group Pic°(C), it is enough to check 
that the system of equations on degrees deg = (deg(Li), . . . , deg(L„)) imposed by (3.18) 
has a solution. As wc have seen in the proof of (i), if the condition (3.14) is satisfied, then 
deg defined by (3.15) gives a solution of this system. Finally, for j = 1, . . . , n, we define Lj 
as the unique line bundle on 6 with p^Lj ~ Lj such that for every s — 1, . . . , r the generator 
of the local group at Ps acts on the fiber of Cj at Ps by the jth component of 7^. As in part 
(i), this implies that 

p^Mi{Li, . . . , Ln) — io^c^ for i = 0, . . . , n — 1, 

and that the action of the local groups at the marked points on Mi{Li, . . . ,£„) is trivial. 
But this is equivalent to (3.18). 

(in) Let (£1, . . . , £„) be a collection of fine bundles on C satisfying (3.18), such that the 
action of the local group on the fiber of 0^ Lj at each marked point Ps is given by 7^. Any 
other such collection has the form (£1 ® Xi, . . . , 3C„), where for each j the local groups 
of the marked points act trivially on the fibers of %j and 

Mi{Xi, . . . , 3C„) ~ Oe for i = 0, . . . , n - 1. 

Thus, different choices of C, correspond to collections of line bundles IX, on C such that 
%j = p*p^,%j for j = 1, . . . , n and the line bundles Kj = p^%j on C satisfy 

Mi(Xi,...,ir„) ~ Oc for i = 0,...,n-l. 

Since G is the kernel of the homomorphism GJ^ — )■ given by (Mq, . . . ,M„_i), this is 
equivalent to a choice of a G-bundle. Now the assertion follows from the fact that the group 
of isomorphism classes of G- bundles on C is isomorphic H^{C, G). □ 

As a consequence of the relation (3.15), following [14] we deduce the formula for the Euler 
characteristic of the bundle ^^Lj. For 7 e G define the degree shifting number as the 
sum of coordinates of the vector 0^ — q. 
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Corolleiry 3.3.2. One has 

n 

- 5^ x{C, Lj) = D^(7i, . . . , 7,) = - l)c + + . . . + t^^, (3.19) 

where 

n 

c=^(l-2g,). 

i=i 

We will also use the modified quantities 

5,(71, . . . , 7.) = D,{j„ . . . , 7,) + 1 . ^ iV^^ (3.20) 

i=l 

with 

= dim(A")^. 

They satisfy the following factorization properties. 

Lemma 3.3.3. For any ~ = (71, . . . , 7r) G G^' , 7' = (7^, . . . , 7^,) G G^' and 7 e G one /ias 

5,^(7,7) + 5,. (7, 7-') = 5,,+,,(7,7), (3.21) 

5^(7,7,7-') = 53+1(7)- (3.22) 
Proof. This follows immediately from the simple relation 

estabhshed in [14, Prop. 3.2.4]. □ 

4 Matrix factorizations from ly-structures 

4.1 tu-structures with respect to the canonical bundle 

Let T be a symmetric monoidal category with split projectors over a field of characteristic 
zero. To a monomial M{xi, . . . , Xn) = a;™^ . . . a;™" we associate a polyfunctor on T" 

Mt : ^ T : (^i, . . . , A„) ^ M(A.) := ® . . . (g) 

where S'^{1) denote the symmetric powers in T. In particular, we are going to use this 
operation in the case when 7 is the derived category of coherent sheaves with the monoidal 

structure given by the derived tensor product. 
Fix a quasihomogeneous polynomial 



N 

w{Xi,...,Xn) = ^CkMk. (4.1) 

fe=l 
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Let TT : C — 7- S* be a family of nodal curves with a weak to-structure ($, (p) in the category 
of line bundles over C with respect to the relative canonical bundle uc/s- This structure 
can be specified by a collection of fine bundles = $(ej), j = 1, . . . , n and a collection of 
morphisms 

0fc : Mfe(L,) uc/s 

for every monomial appearing in w. Assume that the restriction of each 0^ to any fiber 
of TT is an isomorphism outside a finite number of points. 

For each k = 1, . . . ,N, the morphism induces a morphism in the derived category 
D{S) 

Mfc(i?7r*(Li), . . . , Rn,{Ln)) ^ RM^c/s) ^ Os[-l]. (4.2) 
Assume that each Rn^{Lj) is represented by a complex 

A, % B, (4.3) 

of vector bundles on S, in such a way that the morphism (4.2) is realized on the level of 
complexes. Recall that the m-th symmetric power of (4.3) is the complex 

S'^Aj S'^-^Aj (»Bj^ ... 

concentrated in the degrees 0, 1, . . . , m. Therefore, the source of the map (4.2) is represented 
by the complex 

n 

Mk{A.) 4 05, ® d,Mk{A.) ^ . . . , 

where djMg are the "partial derivatives" of the monomial = x^*^ . . . x^'^": 

diMk = xr'"'^:^' ■ ■ ■ C", ■ ■ ■ , dnMk = xT^'x"^"' . . . x'^^^-K 
The differential 5 is given by 

5{h®...® fn) = (5i(/i) /2 ... /„,..., /l ® ... (® Snifn)), 

where fj e S'^'^^Aj, and 5j : S'^'^^Aj Bj (g) 5""*^^"^, is induced by the Koszul differential 
S'^kjAj Aj (g) Smkj-iAj and by the map /3j : Aj Bj, i.e., 

By our assumption, the map (4.2) is realized as a chain map of complexes, so we have a map 

ak : ^ Bj djMk{A.) ^ Og 

j 

such that S = 0. The components of ak can be viewed as morphisms 

akj : djMk{A.) ^ Bj , 
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and the condition S — can be expressed as follows: 

n 

Y.^kjiakjiaT"' ® • • • ® a;"'-' ® . . . ® a^'"), Pj{aj)) = 0, 

where (•, •) is the evaluation pairing. Let p : X ^ S he the total space of the vector bundle 
Ai Q) ■ . . (B An over S. Then we can view the maps akj as sections of the induced bundles 
p*Bj on X and the maps l3j as sections of p*Bj on X. The above equation can be viewed 
as the following identity of functions on X: 

n 

J2mkj{(^kj,Pj) ^0- (4.4) 
Now let us define sections aj{w) G T{X,p*B'j) by setting 

AT 
k=l 

Then from (4.4) we obtain that 

n 

i=i 

so the sections 

n n 

a = «, . . . , O e ^P*BJ and /3 = (A, .. .,/?„) e 0P*i?, 

3=1 j=l 

satisfy {a, (5) = 0. Recall that X is the total space of the vector bundle (BiA^ over S, so it 
contains S as the zero section. 

Proposition 4.1.1. Suppose that w has an isolated singularity at the origin. Then the 
common vanishing locus of a and f3, Z{a,/3), coincides with the zero section in X. 

Proof. It is obvious that Z{a, fi) contains the zero section S C X It is enough to check 
the opposite inclusion in the case when S* is a point, i.e., 6 = C is a single orbicurve C 
and X is a vector space. To compute Z{a,(3), first observe that ker(/3j) is isomorphic to 
H'^{C,Lj) (resp., cokei {/3j) ~ H^{C,Lj)). For each monomial Mk = x'^''^ . . . x^f*^" the map 
(4.2) induces morphisms 

RT{C, Lj) ® djMk{RT{C, L,)) C[-l] 
and in particular, well-defined morphisms 

H^{C, Lj) ® djMk{H\C, L,)) C. 
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These maps arc also induced by the maps akj, so we deduce that the restriction of akj to 
djMk{H^{L,)) factors through the embedding n^j : H^{Ljy ^ BJ . Note that by Serre 
duahty H^{Ljy ~ Hom(Lj, cuc), and the map 

a,Mfe(i/°(L.))^Hom(L,-,a;c) 

corresponding to a^j is the composition of the product map 

d^Mk{H\L,)) ^ H%djMk{L,)) 

with the natural map 

: H%djMk{L,)) ^ Hom(L,-,c^c) 

induced by 0^. Since K^j is an embedding, the condition that OLj{a) — where a = 
(ai, . . . , a„) and aj e H'^{Lj), can be rewritten as 

N 

J2ck(f>kji9jMkiBi))^0, (4.5) 

k=l 

where the expression 

Mfe(a) = (g) . . . (g) a®"*'=" 

is a section of Mk{L.) = L"^"' . . . L^^- . 

For every generic point a; G C, where all (pk are isomorphisms, there exist a collection of 
trivializations of Lj's at x and a trivialization of such that each map (j)k becomes equal 
to the identity under these trivializations. This follows easily from Proposition 3.1.5, since 
the restriction of our weak t/?-structure to x becomes a ly-structure with respect to the unit 
object. Using these trivializations we can view a(x) = (ai(,x'). . . . ,an(2^) as a point in C". 
Now the left-hand side of (4.5) evaluated at x becomes the jth partial derivative of w at 
a(a;) (see (4.1)). Thus, djw{ai{x)) = for all /c = 1, . . . , n. This implies that a(a;) = 0, since 
w has an isolated singularity at 0. Therefore, a = on a dense subset of C and since Lj 
have no torsion, this implies that a = 0. So Z{a, (3) is contained in S. □ 

4.2 Fundamental matrix factorizations 

Let be a quasihomogeneous polynomial with an isolated singularity, G C a subgroup 
containing J and F C F^ the corresponding extension of by G (sec Lemma 2.1.1). 
A key role in our construction of the CohFT associated with w and G will be played by 
certain matrix factorizations of —p*W7y on §^'^(7) x A^, where A'^ = ni=i('^")^' '"'7 — 
Yll=i P^i "^li- Here p : r(7i, ■ ■ ■ , 7r) x A'^ — >■ A^ and pr^ : A'^ — >■ (A")'''* are the projections. 
This collection of objects can be viewed as a categorified analog of the fundamental class in 
GromoY-A^' itten theory. ^ 

^ Such a categorified version of the fundamental class exists in GW-theory as well and can be constructed 
as in [38] 
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The construction roughly goes as follows. First, using the universal lu-structure over 
^9^(7) = ^g,r(7) provided by Proposition 3.2.2(iv) (together with the rigidification struc- 
ture), we construct a Koszul matrix factorization {a, (3} of the pull-back of —p*w- on a cer- 
tain affine bundle X — > §"^(7) x A^. We prove that this matrix factorization is supported on a 
section of this affine bundle over §^^(7) x {0}. This allows us to apply the construction of [50, 
Sec. 6] to define the fundamental matrix factorization P^'^(7) G DMFr^(S^^^(7) x A''', —p*w-) 
as the push-forward of {a, f3}. The space X is the total space of the vector bundle ©"=1 
over §^'^(7) for an appropriate choice of resolutions [dj : Aj Bj] of the derived push- 
forwards of the fine bundles associated with the F-spin structure. The element /3 is the sec- 
tion of the pull-back of Bj to X induced by the differentials dj, while the map X — )■ A"^ 
is induced by the rigidification structure. The construction of the element a, which is a 
section of ^ Bj , is more involved. First, we use the isomorphisms (3.11) of the universal 
ly-structure to construct the data needed for a on the level of derived categories. Then we 
use quasi-projectivity of the coarse moduli space to lift these data to the level of complexes. 

We start with a family of F-spin curves over a base S of type 7 = (71, . . . , 7^) G C. 
Recall (see Definition 3.2.5) that this is a family tt : C — )■ S" of nodal orbicurves with marked 
orbipoints pi Q, . . . ,Pr G and a principal F-bundle P together with an isomorphism 
e : x*P — V^*-P('^e/s)- ("^i' • • • ' '^") ^ collection of line bundles on 6 associated with 
P. Then e induces isomorphisms 

(Pm : = M(£i, ...,£„) ^ 4°^ (4.6) 

for every monomial M occurring in w (see Remark 3.2.3.2). We also assume that our F-spin 
structure {P,e) is equipped with a restricted rigidification (see Definition 3.2.10). Note that 
this notion is well defined in our situation by Lemma 3.2.11. 

Let (C — )■ S,pi, . . . ,Pr) be the family of orbicurves with marked points, obtained by 
forgetting the orbistructure at p^'s (and keeping the orbistructure at the nodes), and let 
p : C — > C be the natural projection. The family (C,pi, . . . ,Pr) can be constructed as 
follows. Present C as the union of two open substacks C'^^^ and (7°, obtained by taking the 
complements of the nodes and of the marked points, respectively. Then take the relative 
coarse moduli C^'^^ of C""^^ with the induced marked points (see [29] or [?]). The family C 
is obtained by gluing C"*^^ with C°. 

For each j = 1, . . . ,n the push-forward Lj = p^^Cj is a line bundle on C. By abuse 
of notation we will denote the projection C ^ S also by tt. Note that we have natural 
isomorphisms i?7r*(£j) ~ it!7r*(Lj). 

Let us introduce some more notation. The r-tuple j — (71, ... ,7^) G determines a 
relation 

E = E(-) = {{p,,j) I 7,, = 1} c {pi, . . . X {1, . . . ,n}. (4.7) 

For a F-spin structure of type 7 one has {pi,j) G S if and only if the action of G{pi) on 'Cjlp. 
is trivial. 

Note that the cross-section of E corresponding to a point Pi is the subset /(7i) C 
listing the coordinates of the subspace of 7i-invariants (A'*)'''* C A". Hence, 
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the affine space 

r 
i=l 

has coordinates Xj{i) labeled by {pi,j) G S. 
Let us equip the space A''' with the potential 

r 



i=l 

where is the restriction of w to (A")'''* and pr^ : A^ (A")"" is the projection. 
Let 

= {Pi I (PiJ) e S} C {pi, ...,Pr} (4.8) 
be the j-th cross-section of E, and for each monomial M occurring in w let us set 

= Pi 

Lemma 4.2.1. VFe /iave 

A;:igSMj. 

AT 



ifc=i 



Proof. By definition, a monomial M of occurs in if and only if 7^ acts trivially on all 
variables Xj such that xAM, i.e., if and only if i e Em- □ 



The following important observation will eventually lead to a connection with the function 



Lemma 4.2.2. For each monomial M occurring in w the isomorphism (4.6) induces an 
injective morphism 

'^M:M{Li,...,Ln)^uJc{^M) (4.9) 
on C, which is an isomorphism near Em- 

Proof. To simplify notation we consider the case of a single curve (i.e., 5" is a point). As we 
have seen in the proof of Proposition 3.3.1(i), the map 

(t)'M ■■ M{L,) ^ p,(M(£.)) ~ UciPl + ... +Pr), 

induced by (pM, vanishes at pi to the order 

1 " 



m 
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where we use the notation of Proposition 3.3. l(i). Furthermore, 0^ is an isomorphism near 
Pi if and only if d^j = for all j such that Xj\M. This immediately implies the assertion 
since {pi,j) G S if and only if Oij = 0. □ 

The restricted rigidification structure on (P, s) induces trivializations 

ej{i) : Op. £,j\p^ for (piJ) e E, 
such that for for every monomial M occurring in w and every Pi G "Em the induced morphism 

0,, M{L.) ^ ujc{^m)\,, Op, 

is the identity. For j = 1, . . . , n let 

ej : of ^ tt^LjIj:.) (4.10) 

denote the isomorphism induced by (ej(i)). From now on we will work exclusively with the 
data (Li, . . . , L„; ei, . . . , e„) on the family of orbicurves C/S that has trivial orbi-structure 
at the marked points pi, ■ ■ ■ ,Pr, together with the morphisms (4.9). 

Note that since C E^ for every j — 1, . . . ,n the map (f)}^ induces a morphism 

M(L.(-S.)) = M(Li(-Si), . . . , L,(-EJ) ^ ooc/s, (4.11) 

where we view Ej as a subdivisor of pi + ...+ pr. The collection (Lj(— E^)) equipped with 
morphisms (4.11) is a weak it>-structure with respect to coc/s- Therefore, the construction 
of Section 4.1 gives a natural morphism 

tM : M(P7r,(L.(-E.))) ^ O^hl] (4.12) 

induced by (4.11) (see (4.2)). 

For each j we have an exact triangle in D^(S) 

P7r*(Lj(-Ej)) Rtt^Lj) 7r*(Lj|sJ ■ ■ ■ 
The isomorphism (4.10) gives a map 

Zj : i?7r*(Lj) ^ 0^^ (4.13) 

such that 
Let us denote 

Zm : M{R-K^{L,)) M{Of) M{Os^', 0^^) ^ 0^^ 

the map induced by the composition Rti^^Lj) -4- of — )■ 0^^ and by the algebra structure 
on 0^^. 
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We split the construction of the fundamental matrix factorization into four steps. First, 
we extend the morphisms (4.12) to morphisms tm '■ Em 05[— 1] where Em G D''{S) are 
certain modifications of M{RTi^,{L,)). In Step 2 we realize these morphisms on the level 
of complexes using appropriate resolutions [Aj — > Bj] of R'K^:{Lj). At the same time we 
realize morphisms Zj by maps of vector bundles Aj — )■ 0^^. These maps combine into a 
morphism Z : X ^ A"', where X is the total space of the bundle ^jAj. In Step 3 we 
construct a Koszul matrix factorization {a, f3} of —Z*W7y and in Step 4 wc show that it can 
be pushed forward to a matrix factorization of —p*Wj on 5 x A^', where p is the projection 
S xA^^ A^. 



Step 1. For each monomial M appearing in w we construct a canonical commutative 
diagram in D^{S) with an exact triangle as a middle row 



M(i?7r,(L.(-E.))) 



tM 




Os[-l] 




Em[1] (4.14) 



tm[1] 



where 



nat : M(i?7r*(L.(-E.))) ^ M{Rn4L,)) 



is the natural map and the map Tr : — > O5 is given by the sum of components, and tM 
is the morphism (4.12). 

Let M = x'l^ . .x^" and set \M\ = degM = ki + . . . + kn- Consider the relative |M|th 
power TT^ : := C'^l ^ S oi C over S and define the hue bundle on by 



Lf := K . . . 

Also, consider the product of symmetric groups 

Sym(M) ^Sk,x ...xSk„. 
From the Kiinneth isomorphism we get an identification 

M(Rn4L.))^{Rn^{L^)f''^^''\ 
where we take invariants with respect to the natural Sym(M)-action. Let 



-Klfei 



(4.15) 



VM^ qM 
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be the closed embedding, where is the diagonal map, and let Sm C 0cm denote the 
ideal sheaf of (Tm(Sm)- Define a Sym(M)-equivariant coherent sheaf 3^m on by 

S'm = 3mL^ (4.16) 

and set 

Note that we have an exact sequence 

O^S^M^L^ ^ {(7m)*(71,L^ ^ 0. (4.17) 
The map induces an isomorphism 

al^Lf ~M(L.)|em-Oem 

on Em, which coincides with the isomorphism obtained from the trivializations of L^ls . 
Hence, taking the push-forward of the sequence (4.17) to S, and considering Sym(M)- 
invariants we get the horizontal exact triangle of the diagram (4.14). 
We have an embedding of sheaves on 

4:L.(-E.)'^-^5'm. (4.18) 

After taking the push-forward to S and passing to the Sym(M)-invariants it induces the 
map lm : M(it!7r*(L,)) Em- 

The map tm is constructed similarly using the morphism of sheaves 

Km ■S'm (Am)*c^c/5 (4.19) 

defined as follows. Let C Oc-m be the ideal sheaf of the diagonal Am{C) C . Let 
ipM '■ A^J'm i^c/s be the composition of the isomorphism 

A*M^M ^ dnL^/dAL. ~ M(L.)(-Em). (4.20) 

with the map (pM '■ M{L,){—T,m) — ?■ wc/s. Now we define km as the morphism 3^m 
(Am)*<^c/5 corresponding to ipM by adjunction. 

Lemma 4.2.3. The composition km°i-m of morphisms (4.18) and (4.19) coincides with the 
natural map L,(— S,)^ — )■ (Am)*wc/5 corresponding by adjunction to the map 

A1,L.(-E.)^ ~ M(L.(-E.)) ^ ujc/s. (4.21) 

given by (4.11) 

Proof. This follows by adjunction from the fact that the map (4.21) coincides with the 
composition of A^t^ with the map 

V'M : A^IFm ^ M(L.)(-Em) ^ UJC/S- 
59 



□ 



We have a morphism of exact sequences 



■M 



Km 



id 











where the middle vertical arrow corresponds to (f)^ by adjunction. It induces a morphism of 
exact triangles 



E 



M 



M{Rn,{L.)) 0^^ 



id 



Em[1] 



R'K^{ujc/s) — ^ R'k*{uc/s{^m)) 



0\ 



On the other hand, we have a morphism of exact triangles 



R-K^{uc/s) — " R-K^iuc/si^M)) 



Tr 



c/s 



Os[-l\ 



[0^- ^ Os] 



id 

- 



-R7r*(a;c/s)[l] 



Tr 



where Tic/s '■ Rt^*{^c/s) — ^ 1] is the Grothendieck trace map (see [22]). Composing 
these two morphisms of exact triangles we get a diagram 



E 



M ^ M{Rn,{L.)) Of^ 



id 



Em[1] 



tm[1] 



Tr 



(4.22) 



0. 



and in particular, the canonical map tm '■ Em — > Osf— !]■ This finishes the construction of 
the diagram (4.14). The equality 

tM lm (4.23) 

(the commutativity of the leftmost triangle in the diagram (4.14)) follows from Lemma 4.2.3. 



60 



Note that when = the map tm coincides with the map (4.2) constructed from the 
data (Li, . . ..L^^Jm)- 

Step 2. Next, we are going to reahze the diagram (4.14) on the level of complexes. More 
precisely, we will represent each Rn^{Lj) by a complex Kj = [Aj — >■ Bj] of vector bundles 
on S, concentrated in degrees [0,1], in such a way that the map Zj : IS 
realized by a surjective chain map of complexes Zj : Kj — )■ 0^^. Then the subcomplex Kj = 
ker(Z,) = [A'j B^] will represent i?7r*(Lj(-S,)) and the map nat : M{K',) ^ M{K,) will 
be the natural inclusion. For each monomial M appearing in w the map Zm '■ M{K,) — )■ 0^*^ 
will be realized by the composition of 

M{Z,) : M{K,) -> M{Of,. . . , 0^") 

with the natural epimorphism M{0^\. . . , 0^") 0^*^ Also, the complex Km = Cone(ZM)[-l] 
will represent the object Em G D^{S) and the maps tm and lm will be realized by chain map 
of complexes, so that the diagram (4.14) will be commutative in the category of complexes. 

To construct appropriate complexes representing i?7r*(Lj (— E^ )) and i?7r*(Lj ) we will need 
the following result. 

Lemma 4.2.4. Let T be a proper smooth DM-stack over C with projective coarse moduli T. 

Let p : T ^ T be the projection, 0(1) an ample line bundle on T and Ot(1) •= p*0(l). 

(i) There exists a vector bundle V on T such that for any coherent sheaf 3^ on T the 
natural map 

H^{T,V^ ®J{n))®V{-n) (4.24) 

is surjective for n 3> 0. Also, 

H>%T, g^(n)) = 

for 0. 

(a) Let TT : C ^ T , pi, . . . ,pr : T ^ C be a family of stable curves with marked points 
over T. Then for every vector bundle E on C there exists an embedding E ^ F of vector 
bundles on C such that i?-^7r*(F) = 0. 

Proof, (i) It is well known that T is a quotient stack (see [36, Thm. 4.4]). Hence, by [37, 
Thm. 1], there exists a scheme Z and a finite fiat surjective morphism q : Z ^ T. Since the 
projection p : T ^ T is proper and quasi-finite, it follows that the map p o q : Z ^ T is 
finite, so Z is projective and 0^(1) = (pg)*0(l) is ample. Therefore, for any coherent sheaf 
IF on T the natural morphism of sheaves on Z 

H^{Z, q*3{n)) ® Oz{-n) q*3 (4.25) 

is surjective and H^^{Z, q*3^{n)) = for n ^ 0. Note that by projection formula 

H'{Z, q*3^{n)) ~ H'{T, q^Oz) O 3{n)). 

Since Or is a direct summand of q*{Oz), we deduce the vanishing of H^'^{T, 5'(n)) for n ^ 0. 
On the other hand, applying the push-forward by q to (4.25) we obtain a surjective morphism 

i/°(Z, q*3^{n)) ® g*(Oz)(-n) ^ g*(Oz) ^, 
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which imphes the surjectivity of (4.24) for n ^ with V = q'*(0^). 

(ii) Let L = ujc/t{Pi + - ■ ■+Pr)- Since the hnc bundle L is ample on fibers of tt, for sufficiently 
large n we have R^7r^{E^ (g) L") — i?^7r*(L") = and the morphism 

is surjective. Thus, setting F — 'k*{t:^{E^ ® L^))^ ® we obtain an embedding of vector 
bundles E ^ F and 

□ 

Without loss of generality we can assume that S is connected. Our family of F-spin 
curves {G/S,pi, . . . ,Pr;P, s) induces a map — > S to a connected component of the moduli 
stack of F-spin structures. Note that the data {C/S,pi, . . . ,Pr', Li, . . . , Ln, 0m) is obtained 
by the base change from the corresponding universal data over §. By Proposition 3.2.6, S 
is a proper smooth DM-stack with projective coarse moduli, so Lemma 4.2.4 can be applied 
over §. Hence, similar assertions hold for sheaves over S that are obtained by the pull-back 
from sheaves over S. 

By Lemma 4.2.4(ii) for each j we can choose an embedding of vector bundles Lj — > Pj, 
where R^7r*{Pj) — 0. Hence, we get 7r-acyclic resolutions 

Lj{-^j) [Pj Qj] and 

where Qj = Pj/Lj{—T^j) ~ coker(Lj — Pj © -^jls^)- Note that the exact sequence 

^ L{-Ej) Lj Lj\^. 

is realized by the exact sequence of tt- acyclic resolutions 

^ [Pj ^ g,] ^ [P, © ^ Qj] ^ ^ 0. 

Now consider the sheaves Aj = 7r*(Pj © Lj\j:^), Bj = T:*{Qj) and A'j = ■n*{Pj) on S. Since 
R^^7r^{Pj) = 0, it follows that Aj and A'j are vector bundles. We have an exact sequence of 
sheaves on C 

^ Lj\^. ^ Qj ^ Q'j ^ 0, 

where Q'j — Pj/Lj. Since Q'j is a vector bundle on C with R^^7r^{Q'j) = it follows that 

'K*{Q'j) is a vector bundle, hence Bj = 7r*((5j) is also a vector bundle. 

Thus, we get the complexes K'j = [A'j — )■ Bj] and Kj = [Aj — )■ Bj] representing 

R^l^,{Lj{—T,j)) and R'K^:{Lj), and the map Zj : Aj = n^{Pj © I/jls ) ^ 7'"*(-f'j|s ) — 
induced by the projection, such that Kj = kei{Zj). 

At this point we can realize on the level of complexes the part of the diagram (4.14) not 
involving the maps tu and tm- First, by taking the external tensor products we get for each 
monomial M a vr^-acyclic resolution 

L^^R^ and L,{-^,)^ ^ R"^ , 
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where is a subcomplex in i?^^. Recall that the object Em G D^{S) is given by Sym(M)- 
invariants of the push-forward Rti^{3^m), so we also need a 7r*^-acyclic resolution of 3^m- 
Note that the map — )■ A^,0-£j^ is realized by a surjective chain map of complexes r{M) : 
^*Osm vanishing on R^ . This imphes that the subcomplex ker(r(M)) C -R^ is 
a TT^-acyclic resolution of J'm, and the embedding L,(— E,)^ ^ 3^m is realized by an 
embedding of resolutions R^ ^ ker(r(M)). 

Now the Sym(M)-invariants of the push-forwards with respect to vr^ of R^ , R^ and 
ker(r(M)) will represent M{R7r^,{L,)), M(i?7r*(L,(— S,))) and Em, respectively. Now all the 
maps in the diagram (4.14) except for tM and tm, are realized on the level of complexes. 
Furthermore, we have natural isomorphisms 

and an exact sequence 

^ Trf (ker(r(M))Sy"'W ^ m{K,) — 0^^ ^ 0. 

It follows that if instead of vrf (ker(r(M))Sy°'(^) we use Km = Cone(ZM)[-l], we will still 
have a representation of the part of the diagram (4.14) not involving the maps tM and 
Tm, on the level of complexes (note that lm becomes represented by the natural inclusion 
M{K',) ^ Km). 

Note that the above realization depends only on complexes [Aj — > Bj] and surjective 
maps Zj : Aj — )■ 0^-' (recall that A'- = ker(Zj)). To realize the maps tm by chain maps 
we will modify this realization by replacing the complexes [Aj — )■ Bj] with new complexes 
[Aj — )■ Bj] equipped with surjective quasi-isomorphisms [Aj — )■ Bj] [Aj — )■ Bj]. To do this 
we will need the following technical assertion similar to Proposition 4.7 of [48]. 

Lemma 4.2.5. Let a stack T and a vector bundle V be as in Lemma 4-2. 4(i)- Let [Co — )■ Ci] 
be a complex of vector bundles on T. For each integer d > there exists mo > such that 
for any mi > mo and any surjection 

= V^(-mi)®^ — Ci 

one has 

H>\T, (C^'^y ® V®'?2(m)) =0 form > mo and ?i + ?2 < d, (4.26) 

where the bundle Co is the fiber product of Co and Ci over Ci, so that we have a quasi- 
isomorphism of complexes 

[Co^Ci]^[Co^Ci]. 
Proof. Set K — ker((T), so that we have exact sequences of vector bundles 

0^ K ^Co^Co^O, (4.27) 

0^ K ^Ci^Ci^O. (4.28) 
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From the sequence (4.27) we see that (4.26) would follow from the vanishing of 

for m > mo and qi + q2 + < d. Taking tensor powers of the sequence dual to (4.28) we 
get a resolution of the bundle (X^^^^v -^^^ terms that are direct sums of vector bundles of 
the form (cfi^^'^y ^ V®^(mis). Thus, it would be enough to find mo such that 

H>\T, {C^'^'y ® {Cf'^y ® V^^^m)) = 

for m > mo and ?i + ?2 + ?3 < d- But this is possible by Lemma 4.2.4(i). □ 

Let us apply Lemma 4.2.5 to the complex [®jAj — )■ ®jBj] and d equal to the maximum of 
the degrees |M| of all the monomials M occurring in w. Then we can choose large enough mo 
and surjections Bj = V^(— mo)®'^-' — >■ Bj and replace each [Aj Bj] by a quasi-isomorphic 
complex [Aj Bj] such that 

Ext^°((©,A,)®«i ® (V®^2)^(-m), Os) = 

for m > mo and qi + q2 ^ d. This implies that 

Ext>%{® J Ajf"' (g) {ejBjf''\Os) = 

for qi + q2 d and ^2 > 1- Hence, for every monomial M appearing in w the terms of the 
complex 

Km = Cone(M([A. ^ B.]) ^ 0^-)[-l] 

representing Em, satisfy Ext^°(^E^, Os) = for z > 2. This easily imphes (using the 
standard spectral sequence) that the space of morphisms 

Hom^(5)(:^M,05[-l]) 

in the derived category is the same as in the homotopy category of complexes. Thus, replacing 
[Aj Bj] with [Aj Bj] we can realize the map tm by a chain map Km !]■ 

Step 3. Let X be the total space of the bundle Ai © . . . © A„ over S and let p : X ^ S he 
the projection. Note that there is a natural map Z : X ^ A'^ induced by the morphisms Zj : 

Aj Og^ constructed in Step 2. Recall (see Section 3.2) that the group G{^) — O^^^ ^Kcn) 
acts on the set of restricted rigidifications of a given F-spin structure in such a way that an 
element A = (A(i)) G G(7) changes the trivializations {ej{i)) to {\j{i) ■ ej{i)), where \j{i), 
for {pi,j) G E, are the components of A(i) e Gii-^i)- Suppose that a subgroup Gs C Gi^) 
acts on so that the map — > S is Gg-invariant and the action on fibers is induced by 
the above rescahng action of G{^). Then all complexes [Aj — )■ Bj] are Gg-equivariant, so 
we have an action of Gs on X. Since the maps Zj : R'K^{Lj) — >■ 0^^ were defined using the 
trivializations of Lj]^,^ given by (ej(i)), we have 

\*Zj = Aj ^ • Zj 
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for A G Gs, where Xj = (Aj(i))igs^ acts diagonally on 0^^ Hence, the map Z : X ^ 
satisfies 

ZoA = A-^-Z. 

Thus, the map {p, Z) : X ^ S x is G^-equi variant, where A G Gs C ^(7) acts on 5 x A''' 

by 

A • (s, = (A • s, A ^ ■ z). 

The natural action of G'^ on the fibers oi p : X ^ S induces an action of the group Tyj 
(see Section 2.1) on X such that the map Z is r^„-equivariant. Now we will construct a 
Gs X Fio-equivariant Koszul matrix factorization of the potential —Z*w- on X. 

The complex Km = Cone(M([A. ^ B,]) 0^^)[-l] has the following form 



M{A,) 0^^ e djM{A.) ® Bj 



i=i 



0(a,a,vM(A.) ® B, ® Bj,) © 0(a|M(A.) ® /\ B,) 



^ . . . 



where the first term is in degree (here S is the differential on the complex M([74, — >■ B,])). 
Since the chain map tm is equal to Tr on 05*^[— 1] C Km (see diagram (4.14)), it corresponds 
to a map 

au = («M,i) : ®]=iBj ® djM{A,) -> Ox 
such that the following diagram is commutative 



M{A.) ^ 0a,M(A.) ® Bj 



Zm 




Tr 



0< 



(4.29) 



Set 

where M = x^^ 



"m := ■ "M,i)i=l,...,n, 

x^;". Let us view the differential 



: ®jAj — >■ 



as a section of the bundle p*{®jBj) on X (linear along fibers). Similarly, we can view 
as a section of the bundle p*{®jBj) on X (polynomial along fibers). Let (•, •) denote the 
natural pairing between p*{®jBj) and p*{®jBj). 



Lemma 4.2.6. One has {a'M,l3) = Z*M®^^. 
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Proof. The components of the differential S have form 

5{M{a,))j = pj{aj) ® djM{ai, ...,an)eBj® djM{A,), 

where aj e Aj, j = l,...,n. Hence, the composition aM o d{M{a,)) : M{A,) O5 
corresponds to the function (q;^,/3) on X. On the other hand, the components of the 
map Zm correspond to the functions Z*M{xi{i), . . . , M{xn{i))) (where i e Sm)- Thus, the 
assertion follows from the commutativity of the diagram (4.29). □ 

Now we set 

— y ] cmo/j^, so that 

M 

Hence, we have a Koszul matrix factorization {—a^, of — We claim that it can be 
equipped with a Gs x F^-equivariant structure with respect to the character Xw '■ '^m 
(and trivial on Gs)- The bundles Aj and Bj arc equipped with a Gs x Fi„-equivariant 
structure, in such a way that the action of is induced by the embedding r^„ C GJ^. Then 
(3 can be viewed as a Gs x F^y-invariant section of 0^ -8^. On the other hand, gives a 
Gs X F^-invariant section of Xw ® 0j Bj . Thus, we obtain a Gs x F^o-equivariant structure 
on the matrix factorization {— a^,^}. More explicitly, we have 

{-«.,^}o -®/\\p*i®B^))^xl., ^®K'^\p*i®B^))®xl, 

i j i j 

where the differential is given by 

S = i{(3) — aw A . 



Step 4. Now we will show that the matrix factorization /?} constructed in Step 3 is 

supported on the zero section in X. This will allow us to apply the push- forward functor 
(see Example 1.5.4) for the projection {p,Z) : X ^ S x A^. For the universal family of 
F-spin curves over the moduli space S^'S'° we get an object 

Pr°(7) := {p,Z)4-aw,P} e DMFG(^)xr.(S7'°(7) x A^,-w^). (4.30) 

Recall that by Step 2 we have Aj — keT{Aj Og^ ) and the complex [A'j -4 Bj] represents 
R7r^{Lj(—T,j)), where /3j — l3j\A'.- Thus, the total space Xq of the vector bundle A[®. . .® 
over S coincides with the preimage of the origin Z~^{0) C X. Since the critical locus of 
on A''' is the origin G A'', it is enough to consider the zero locus of the restriction of 
{— a^,/3} to Xq = Z^^{0) (by [50, Cor. 5.3]). Let oq be the restriction of to Xq. The 
equation (4.23) implies that aQ and = (/3j) are exactly the sections of the pull-backs of 
0j Bj and 0^ Bj obtained by the construction of section 3 apphed to the collection of 
morphisms (4.11). It follows from Proposition 4.1.1 that the zero locus Z{so) is exactly the 
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zero section S C Xq G X , as claimed. Hence, by Lemma 1.4.1, {—cxw, P}\xo is supported on 
the zero section. 

Recall that we have a natural morphism 

(7) ^ '°(7) 

compatible with the homomorphism YVi=i^/{'yi) ~^ ^(t)- Hence, by taking the pull-back 
of P^'^''^(7) we obtain a matrix factorization 

Pf (7) e DMFr^ (Sf (7) X -w^) (4.31) 

which is equivariant with respect to the action of ni=i ^/ (Tj)- 

This finishes the construction of the fundamental matrix factorizations. In Section 4.3 
we will show that it does not depend on the choices made (up to an isomorphism). 

Example 4.2.7. In the case when A"^ = (and Wj — 0) we have §^^'^(7) = §5(7) and 
the category DMFr^(§g(7) is (non-canonically) equivalent to the bounded derived category 
of Giu-equivariant coherent sheaves on §9(7). For example, for w = x", G^, = 1j/n (and 
= Qrn) this win be the case whenever all 7^ G Z/n are nontrivial. In this case the Chern 
class of Pg(7) is closely related to the Witten's virtual top Chern class on the moduli spaces 
of higher spin curves (see [23], [48] and [7]). To get the Witten's virtual top Chern class one 
has to twist it with a certain Todd class (see (5.16) below). 

4.3 Independence on choices 

Here we will show that the isomorphism class of the fundamental matrix factorization 
Pg^'°(7) does not depend on the choices made in Step 2 when realizing the diagram (4.14) 
on the level of complexes. 

First, since Rom ub(^s) {Km, Gs[—^]) can be computed in the homotopy category, all chain 
map Km — >■ Os[— 1] representing tm are homotopic. A homotopy between two such maps is 
given by a 6^(7) x r^j,-equivariant map 

h : 0(a,a,vM(A.) ® Bj ® Bj,) e ^{d]M{A,) ® ^ O5 ® Xw 

j<j' 3 

After dualization h can be viewed as a section of p* Bj) (8) Xw Now the operator 

exp(— /i)A? induces a (^(7) x r^„- equivariant isomorphism between the matrix factoriza- 
tions associated with two homotopic choices of tm (cf. [48, Prop. 4.2] or the proof of [49, 
Lem.2.5.5]). 

To prove independence on the choice of presentations Rn^^Lj) = [Aj Bj]. we will use 
the following property of Koszul matrix factorizations (which is analogous to the results of 
[48, sec. 3.2]). 

Proposition 4.3.1. Let V be a vector bundle on a smooth FCDRP-stack X, W E H^{X, L) 
a potential, and let {a, ^} be the Koszul matrix factorization associated with sections a e 
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iJ°(X, 1/^ (g) L) and (3 e H^{X,V) such that {a, f3) = W. Let Vi C V be a suhhundle such 
that /3modVi is a regular section ofV/Vi. Assume that the zero locus X' = Z{(3modVi) is 
smooth and consider the induced sections 

of the bundle V — (note that the restriction P\x' belongs to Vi\x' C V\x' ) and 

a' — am.o<l{y-^\x') 

of the bundle L (g) iV^ /V-^)\x' — iy'Y ■ Assume also that either W\x' is a non-zero-divisor 
orW — Q and the zero loci Z{a, (3) and Z{a', are proper. Then one has an isomorphism 

(4.32) 

in DMF{X, W), where i : X' ^ X is the natural embedding. 
Proof. We have a natural morphism 

® lV2)(l-V2) ^ ^,^*/\>v ^ i,i/2)(^-i/2) ^ i,/\'((l^')v ^ lV2)(l-V2)^ (4.33) 

compatible with the differentials in {a, (3} and {a', (3'}. 

Assume first that W\x' is a non-zero-divisor. To show that the map (4.33) is an isomor- 
phism in DMF(X, W) we can argue locally. Thus, we can assume that K = Vi © V2, so we 
can write a = (ai, as) (3 = (A, (32) with «i G H^iX, V>^ (g) L) and (3i e H^{X, Vi),i = 1, 2. 
Our assumptions mean that [32 is a regular section of V2 and X' is its zero locus. We have a 
natural isomorphism of matrix factorizations 

{q;,/3}~{q;i,/3i}(8){q;2,/32}, 

where {ai, (3i} is a matrix factorization of Wj := {ai,/3i). Note that W — Wi -\- W2 and 
1^2 1 X' — 0. Thus, we only need to show that the natural morphism 

{q!i, (g) {a2, 132} 

is an isomorphism in DMF{X,W). But this follows from Proposition 1.6.3(i). 

Next, consider the case W — 0. We use a deformation argument. Namely, let us consider 
a family of chain maps 

ft : {ta,f3} i^{ta',f3'}, 

where t G A^. We can view the complex % = Cone(/t) as a complex of sheaves on X x A-*^, 
fiat over A^. Note that /o is quasi-isomorphism, since {0, (3} is the usual Koszul complex and 
/3 is regular, hence OC\xx{o} is acyclic. On the other hand, by Lemma 1.4.1, the cohomology 
of 3Cxx(Ai\{o}) is supported on Z x (A^ \ {0}), where Z = Z{a,f3) U Z{a',P'). By our 
assumption, Z is proper, hence there exists an open neighborhood f/ of G A^ such that 
^\xxu is acyclic. In particular, there exists t ^ such that ft is quasi-isomorphism. Using 
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an isomorphism between fi and ft for t ^ (given by multiplying by on /\'), we derive 
that /i is also a quasi-isomorphism. □ 



Now we are ready to show that different choices of complexes of bundles Kj = [Aj — > Bj] 
realizing Rn^i^Lj) and surjective maps Kj — )> 0^^ realizing Zj, which we made in Step 2 
realizing the diagram (4. 14) at the level of complexes, lead to isomorphic matrix factoriza- 
tions. It is enough to check this in the case when one of the complexes Kj is replaced by 
a complex Kj in degrees [0, 1] such that we have a quasi-isomorphism Kj — > Kj for which 

— S ■ 

the composition Kj — > Kj — > 0^^ is still surjective. By Lemma 4.4 of [48], we can rep- 
resent the map Kj Kj in the homotopy category as a composition of an embedding of 
complexes Kj Kj ®U followed by the projection Kj ®U Kj, where U is of the form 

U = [F — ^ F]. Thus, it suffices to consider separately two cases: the case when Kj — >• Kj 
is an embedding and the case when it is a projection onto a direct summand. 

First, suppose we have a quasi-isomorphism [Ai Bi\ [Ai — )■ such that Ai Ai 
and El — > Bi are embeddings of bundles. Let us denote C — Ai/Ai = Bi/Bi and let 
Zi : Ai ^ 0^^ be the restriction of Zi (recall that Zi is still surjective). Then for each 
monomial M, the components 

aj : djM{AuA2,...,A^) ^ B^, 

for J 7^ 1, are obtained from aj by restriction to Ai, while to get 5i we also have to use the 
map B"^ (-^i)^- III the new realization the space X is replaced by its subspace X (Z X 
which is the total space of Ai © ©j>i ^j- Note that X is the zero locus of the regular section 

of p*Bi/p*Bi — p*C on X, induced by jSi. Thus, we can apply Proposition 4.3.1 to the 
subbundle 

j>i j 

to obtain an isomorphism _ 

{a,p} ~ i*{5,^}, 

where i : X ^ X is the embedding. Hence, the push-forwards of {a, /5} and {5, /3} to S x 
are isomorphic. 

The case of the quasi-isomorphism of the type Kj ®U — > Kj is similar because we can 
apply the above argument to the embedding Kj — )■ Kj®U which is also a quasi-isomorphism. 

This finishes the proof of independence of the isomorphism class of the fundamental 
matrix factorization in the corresponding derived category on the choices made in Step 2 of 
the construction. 
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5 Cohomological field theories associated with a quasi- 
homogeneous isolated singularity 



5.1 Construction of CohFTs 

Let i? be a commutative C- algebra and a finitely generated Z/2-graded projective R- 
module equipped with a perfect symmetric i?-bilinear pairing 

(i.e., b induces an isomorphism !K ~ RomjiCK, R)). Let e !K <Sir "K be the Casimir 

element corresponding to b. Recall (sec [41, III.4]) that a complete Cohomological Field 
Theory (CohFT) on the state space (!K, b) with coefficients in is a collection of even 
i?-linear maps 

Ag^r ■ ^ H*{Mg^r) ® R (5.1) 

and a fixed element 1 G !K (called flat unit) satisfying certain properties. Here the Casimir 
is used to formulate the factorization properties and the insertion of the identity 1 
corresponds to forgetting a marked point. 

An example of CohFT with coefficients is provided by the G-equivariant Gromov-Wittcn 
theory considered in [18], where R = HQ{pt). Note that if we have a homomorphism i? — )■ i?' 
and a CohFT with coefficients in R then by extending scalars we can obtain a CohFT with 
coefficients in R' and the state space "K ®r R'. 

Let us fix a quasihomogeneous polynomial w{xi, . . . , x„) with an isolated singularity. We 
assume that the degrees dj = deg{xj) are positive. Let G C be a finite subgroup in the 
group of diagonal symmetries of w, such that G contains the exponential grading element J 
(defined by (2.2)). Let F C be the subgroup associated with G by Lemma 2.1.1, so that 
there is an exact sequence 

1 ^ G ^ r Grn 1- (5.2) 

For each 7 e G let us set 

Ji^ :=M,(MFr(w;^)), 

where Wj is the restriction of w to the fixed point locus (A")''' C A" (we consider the induced 
action of F on (A")'''). Recall from Section 2.6 that [K-y has a natural G-action, so we can 
view it as a module over the ring R = C[G]. 

We will construct a CohFT with coefficients in R and the state space 

= J{(w7,G) :=0:K^. (5.3) 

To define the corresponding i?-linear maps 

Kr,x = <(7) -.^^.^R... <8)i? ^ H*{Mg,r, R) = H*{Mg,r) ® R (5.4) 

for 7 = (71, . . . , 7r) e G^ (the components of the CohFT maps (5.1)) we will use the moduli 
spaces 

Sf (7) = S;^,r.,(7) 
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introduced in Section 3.2 and the fundamental matrix factorizations P^'s(7) (see (4.31)). 
Retaining only the action of the subgroup T C on P^'s(7) we obtain an object 

Pjf,(7) e DMFr(Sf (7) x A^, -w^), 

which is also invariant under the action of (see Step 4 of the construction of Section 4.2). 
This object gives a functor 

$,(7) : DMFr(A-, Wj) ^ /^^(Sf (7)) : E ^ {p,)ME ® ^'^{l)), (5-5) 

where p\ and p2 arc the projections from the product §"^(7) x onto its factors. Here 
we use the push-forward functor (1.23). Note that the functor $3(7) is compatible with the 
action of C on both categories. 

For a stack X let us denote by HH^{X) the Hochschild homology of the dg- version of 
the derived category of coherent sheaves on X. Note that for a morphism / : X — > X' we 
have pull-back maps /* : HH^{X') — )■ HH^{X) induced by the pull-back functor between the 
derived categories of coherent sheaves. 

Recall that for a smooth projective variety X one has the Hochschild-Konstant-Rosenberg 
isomorphism 

Ihkr '■ HH,{D{X)) ~ H*{X, C), 

sending HHi{D{X)) to ^g_p=iHP'i{X). Now let X be a DM-stack such that there exists 
a finite fiat surjective morphism 71 : X ^ X with X smooth and projective variety. For 
example, this is the case for M^^^ (see [1]). For such X using the map on Hochschild homology 
induced by the pull-back functor tt* : D{X) -D(X) we obtain a map 

ax : HH,{D{X)) HH,{D{X)) H*{X, C) H*{X, C) (5.6) 

that we will call the HKR map. This map does not depend on a choice of a morphism 
X ^ X. Furthermore, these maps are compatible with pull-backs and push-forwards with 
respect to finite etale morphisms. 

Lemma 5.1.1. Let X be a DM-stack such that there exists a finite flat surjective mor- 
phism TT : X ^ X with X smooth and projective. For an object F e D(X) let ch^^{F) G 
HH^{D{X)) be the categorical Chern character (see Section 2.5) and letch^°P{F) e H*{X, C) 
be the usual topological Chern character. Then ax(ch^^ (F)) — ch^'^(F). 

Proof. First, note that by [6, Thm. 4.5], for any G G D{X) we have 

lHKR{ch''''{G)) = ch'^^iG) e H*{X,C)- 

Applying this to G — 7r*F we obtain 

iHKRiTT* ch^^(F)) = ch*°^'(7r*G') = TT* ch*°P(F). 

Hence, 

Q;x(ch^''(F)) = J—n,n*ch'"P{F) = ch*''^'(F). 
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□ 

Recall that by Corollary 2.6.2, we have an isomorphism 

t(7) : ®i? . . . :K^,^M*(MFr(A^, w^)f'' C M,(MFr(A^, w^)). (5.7) 

Let 

0,(7) : :K^, ®K . . . ®n ^ M,(MFr(A", t/)^)) HH,{§'^^{^)) 

i/*(Sf (7),C)®i? ^ ■ ^ 

be the composition of this embedding, the map $^,(7)^ induced on the Hochschild homology 
spaces by the functor $3(7) and the HKR map (5.6) for X = §^^(7). 

Let st : §^^(7) — )■ 'Mg,r be the projection. Let us consider the corresponding push-forward 
map 

St, : H*{§'^%^),C) (g) ^ H*{Mg,r, C) ® R. 

Now we are ready to define the CohFT on the state space "K — ^^^q'Kj. The maps 
(5.4) are given by 

Note that these maps are even with respect to the natural Z2-gradings on (5.3). For the 
exponential grading element J e G we have Jij — R since J acts on A" without fixed points. 
We take the element 1 e !Kj C IK to be the fiat unit 1 of our CohFT. To define a metric on 
"K we consider the element (, e (C*)" with components 

Cj = exp{TTiqj) for j = 1, . . . , n, (5.10) 

where qj — dj/d (see Section 2). Note that (C.)^ = J and x(C«) = —1, so 

w{(,x) = —w{x). (5-11) 

We set 

y) = yi-^)w^ (5.12) 

where (?, ?)^^ is the canonical /?- valued bilinear form on "K^ (see Section 2.7). 

Theorem 5.1.2. Let w{xi, . . . ,Xn) be a quasihomogeneous polynomial with isolated singu- 
larity and G C <i finite subgroup containing J. The state space "K = "K^w, G). the metric 
(5.12), the flat unit 1 G 3ij C !K and the collection of maps A^(7) define the CohFT with 

coefficients in R = C[0]. 

In Sections 5.2, 5.3 and 5.4 we will check the factorization and the flat unit axioms for 
this CohFT. In Section 6.1 we will finish the proof of the theorem by verifying the remaining 
axiom relating the metric on J{ and the maps A^(7, 7"^, J) (for 71 7^ 7^^ the moduli space 
§0(71, 72, J) is empty). To do this we will show that the fundamental matrix factorization on 
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each component of §0^(7,7^^, J) is obtained from the diagonal matrix factorization A^^^^ 
by the action of an element in G x G. 

Since the algebra R is isomorphic to the direct sum of algebras R ~ ®^i^g ^ • e-y', where 
e-y/ are idempotents (2.28), our CohFT decomposes into a direct sum of CohFTs indexed by 
elements of G. By Theorem 2.6.1(ii), 

where if^,^' is the restriction of w to the subspace of {7, 7'}-invariants. Thus, the sub-CohFT 
corresponding to an element 7' e G has the state space 

'K{w,G,i):^@H{w,,,,f. (5.13) 
and the components of the maps (5.1) given by 

^^'^"^^ " deg(stg) ■ (^*s)*%"/'9(7)|ey?f^i®...®eyJ<,., (5.14) 

where Try : i? — C is the specialization homomorphism. 

The CohFT corresponding to 7' = 1 can be twisted to produce a theory satisfying an 
analog of the concavity axiom from [14] (see section 5.5). Namely, we define twisted maps 



for 7 e G*" by 



(7) = Td(i?7r,(0£j)) ^ • 7ri0g(7)|eiM^^®...®eiM^,, (5.15) 



where (£,) is the universal to-structure and Td is the Todd class, and we set 

A,(7) = exp(7ri5,(7)) ■ ^-^^ ■ (st,),0*'"(7), (5.16) 

where Dgi^t) is given by (3.20). 

Theorem 5.1.3. Let w and G be as in Theorem 5.1.2. The collection of maps \g{j) defines 
a CohFT on the state space 'K{w, G, 1) with the metric obtained by restricting the metric 
(5.12) and the flat unit element 1 e H{wj^i)'^. 

We will call the CohFT of this Theorem the reduced CohFT associated with {w, G). 
The proof of this theorem will be given in Sections 5.2, 5.3, 5.4 and 6.1 simultaneously 
with the proof of Theorem 5.1.2. 

Note that the state space of the reduced theory 

^{w,G,l) = ^H{w,f 

■yeG 
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can be identified with the state space of the CohFT constructed in [14, sec. 5.1]. Hypothet- 
ically, the theories themselves also match. 

Conjecture. The reduced CohFT associated with {w, G) is isomorphic to the FJR-theory 
for the same pair constructed in [14]- 

One of the obstacles on the way to proving this conjecture is that it is not clear how 
to verify the homogeneity property of the maps (5.16) in our setup in general. For some 
particular cases this homogeneity is proved in Section 5.6. In particular, it holds for all 
simple singularities. Combining this with the reconstruction theorem [14, Thm. 6.2.10] we 
will show in Section 7.6 that the above conjecture holds for them. In the case of the simple 
singularity of type A, w = x", the conjecture also follows from the results of Chiodo [7, sec. 
5] (which imply that in this case our definition of the reduced CohFT is compatible with the 
construction of [48]) together with the reconstruction results of [23] and [12] (see also [16]). 

Remark 5.1.4. It would be interesting to find quantum K-theory versions of CohFT from 
Theorems 5.1.2 and 5.1.3 (see [19], [38]). 

5.2 Behavior of fundamental matrix factorizations under gluing 

Let {if : G ^ S,pi, . . . ,pr,p,q) he a family of stable orbicurves with r + 2 marked orbipoints 
over a connected base S. Also, let / : C — > G be a morphism of families of stable orbicurves 
over S, where the family C has a node a such that / is an isomorphism over C\f7 and f~^{(j) 
is the union of p and q. We will say that C is obtained from C by gluing points p and q. 
The remaining marked points pi, . . . ,Pr can be viewed as marked points on C. Let {P,e) 
be a F-spin structure of type 7 = (71, . . . , 7^, 7^, 7^) on (C,pi, . . . ,Pr,p, q) equipped with a 
rigidification 
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(e(l), . . . , e(r), e(p), e{q)), where e(i) e P|p., i = 1, . . . , r, e(p) e P\p and e{q) e P\ 

Note that 7^ = 7"-'^ since the orbicurve C is balanced at the node a. 

Now we will define a glued F-spin structure {P,e) on (C,pi, . . . ,Pr) such that P ~ f*P- 
Recall that there is a canonical isomorphism f*uje/s — ^e/s^ ^^^^ ^^^^ following 
diagram is commutative 



Res 

(f*(^e/s)\p ujQ/siP + (l)\p ^ 0^ 



-id 



Res 

(r^e/5)|. — uj~^/s(P + 



(5.17) 



Hence, we obtain an isomorphism /*i^g°^ — "^^"^ with a similar property (the residues are 

opposite). To get a F-spin structure on C we will use the element C eT G (C*)" defined by 
(5.10) which satisfies 

x(C.) = -1- 
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Consider the isomorphism 

K : P|p — (5.18) 

defined by 

e{q)=C.-u{e{p)), (5.19) 

and let P be the F-bundle on C obtained from P by ghiing with respect to u. Then the 
induced triviahzations x*(e(p)) and X*(6(?)) of G^-torsors x*{P)\p ^^'^ X*{P»)\q-i respectively, 
satisfy 

X*(e(?)) = -X*(^)(x*(e(p))). 
Hence, by commutativity of the diagram (5.17), the isomorphism e : x*{P) ~^ "^('^g/s-' 
descends to an isomorphism e : X*(-P) P(c(;g°^). Thus, wc obtain a F-spin structure 
on (C,pi, . . . ,Pr). Furthermore, the triviahzations e(i), i = 1, . . . ,r define a rigidification 
structure of (P, e). 

Now we are going to compare the matrix factorizations 

P e DMFr^(5 X (A")^, -w-) and P e DMFr„(5 x (A")^, -w^), 

associated with the F-spin structures (P, e) and (P, £), respectively, by the construction of 
Section 4.2. 

Theorem 5.2.1. One has isomorphisms 

P ~ {ids X pr? _ J,(id5 X id xA^)*P (5.20) 

and 

P ^ {ids X pri,...,,).(P ® {pTj,,pTX^t„c) (5-21) 

m DMFr^(5 x (A")^, -w-), where pr^ ^ ^^r ■ (^")^ x (A'^)> ^ (A")^ and Wi,...,r ■ (^")^ ^ 
(A")^ are the coordinate projections, 

A< : {AY" (A'')> x (A")^'' ■.x^{C,-x, x) 

is the shifted diagonal, and 

is the shifted diagonal matrix factorization. 

We are going to prove Theorem 5.2.1 by going through the steps of the construction of 
Section 4.2 for both F-spin structures (P, s) and (P, ?). 
For j — 1, . . . ,n, let 

T,j C pi + . . . + pr C e and T,j C pi + . . . + Pr + p + q CQ 

be the subdivisors defined by (4.8) for the collections 7 and 7 = (7, 7p, 7g), respectively. 
For each monomial M in we set Em = (^xj\M^j and Em = r\xj\M'^j- Note that 

Ej ^ T,j n {pi + . . . + pr} and Em = Em r\{pi + . . .+ Pr}. 
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Let C and C be the curves obtained from C and C by forgetting the orbifold structure 
at pi, . . . ,Pr, let p : C ^ C, p : Q —?■ C he the natural projections. We^still denote by 
f : C ^ C the morphism induced by / : C — >■ C. Also, let (£,) (resp., (-£,)) be the line 
bundles associated with the F- bundle P (resp., P), and let Lj — p^Lj and Lj — p^Lj. 

We have the natural exact sequence 

O^Oc^ f.Oc ^ 0- (5-22) 

where the map 5 is the difference of evaluations along p and q. Tensoring this sequence with 
Lj and using the projection formula we get an exact triangle 

Rn^iLj) R%,{Lj) 7i^{a*Lj) ^ . . . (5.23) 

The third term depends on the action of the local group at a on cr*Lj. We have two cases: 
Case 1. Hj = Tij (i.e., 7p has a nontrivial j'th component). Then the third term of the 
triangle (5.23) vanishes, so we have an isomorphism 

Rn^Lj) ~ Rn,{Lj). (5.24) 

Case 2. Ej = T^j +p + q (i.e., 7p has trivial jth component). Then we get an exact triangle 

Rtt^Lj) R^^Lj) (Lj)\p ^ . . . , (5.25) 

where : R'K^:{Lj) — >■ Lj\p and : R'K^:{Lj) — >■ Lj\q are the restriction maps and Uj : Lj\p — >■ 
Lj\q is the isomorphism induced by (5.18). 

Let Zj : R7r^{Lj) Og^ and Zj : Rir^Lj — )■ 0^^ be the maps (4.13) induced by the 
rigidifications of the F-spin structures (P, e) and (P, £)■ In the second case we will also have 
to consider the maps 

Z'j : Rn^Lj) ^ Rn^Lj of . (5.26) 
Note that the components of this map corresponding to the points p and q satisfy 

Z;{p) = Q ■ Z;{q) (5.27) 

(this follows from (5.19)). 

Now let 3^M (resp., J'm) be the coherent sheaf on Cm (resp.. Cm) defined by (4.16) for 
our F-spin structures over C and C. By Step 1 of the construction of 4.2, we have canonical 
maps 

tm-.Em^ Rnf {S^Mf''^^''^ ^ Os[-l] and m : Em ^ Rn^ {^Mf^"'^''^ ^ 05[-l]. 

We are going to establish a certain compatibility between these maps (see Lemma 5.2.2 
below) . 
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First, we need some preparations. Define a subbundle 0^^{p,q) C O^*^ by 

[keiinp + ng-.Of' ^Os), iiJ:M = ^M+P + q, 

where TTpjVr^ : 0^*^ — > O5 are the projections corresponding to the marked points p and q, 
respectively. ^ 

Suppose first that Em = Em + p + g. This happens exactly when for each Xj\M the 
element 7^ has trivial jth component. In this case the action of the local group at the node 
a on (T*M(Li, . . . , L„) ~ Og. is trivial. By (5.27), for every monomial M in ii? we have 

M{Z:), = -M{ZX, 

so M{Z'J induces a morphism 

Z'^:M{Rn4L.))^0^^{p,q). 
Let us define a coherent sheaf on from the exact sequence 

^ (Am)*(Osm e 0,) ^ 

and set 

where Sym(M) is the product of symmetric groups (4.15). Then the above exact sequence 
gives rise to an exact triangle 

E'^ ^ M{Rn.{L.)) ^ 0|-(p,g) ^ E'^il]. 

Now let : — > be the map induced by the morphism f : C ^ C. We have a 
commutative diagram with exact rows 







rrl 



M 



fMrc 
J* JM 



■M 



id 



-M 



M 



(Am)*Oe, 



(AM)*(Os^eo,) 



(id, k) 



A.(0sM®0f) 







(5.28) 
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where : 0^ — ^ 0®^ : x ^ {x, —x). It induces a commutative diagram in D^{S) whose rows 
are exact triangles 



Em 
f 



1 



id 



Z' 



^m[1] 



/[I] 



M 



(5.29) 



E 



M 



M{Rw4L,)) 



- Em[1] 



where the map pr^^ is induced by the natural projection 0^*^ Og'^ and Zm is defined 
similarly to Zm for the data associated with C. 

In the case Em = ^m we still have the commutative diagram (5.29) with E'j^ = Em and 
the morphism from the second row to the first being identity. 



Lemma 5.2.2. The diagram 



E' 



f 



M 



E 



M 



tm (5.30) 
Em Os[-l] 

is commutative. 

Proof. Recall (see [22]) that there is a natural map 
such that the composition 

Try 

f*^c/s " ^c/s f*r^c/s ^ U{uQig{p + q)) 

is the natural map induced by the embedding oj^jg — )■ uj^jgip + g), while the composition 

R'K^{f^u^fg) — ^ R'K^{uc/s) — ^ Os[-l\ 
can be identified with Tr^^^. By definition of the maps tm and tm, to show that diagram 
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(5.30) is commutative it is sufficient to clieck commutativity of tlie diagram 




Tflis follows from the commutativity of the diagram 



nr/ 



■M 



M 



A*(a'(EM)) 



(see (5.28)) since the natural morphism of sheaves 

^*{^C/s) A*(6^c'/5(Sm)) AJ^{ujQ/g{EM))- 

is injective. □ 

As in Step 2 of the construction of the fundamental matrix factorization in Section 4.2, 
we choose for each j a 7r-acyclic resolution 

Lj ^ [Pj ® Lj\j:.ua ^ Qj]- (5.31) 

However, we will modify these resolutions using the map f : C ^ C. 

In Case 1, when Ej = Ej, the pull-back of (5.31) by / gives a 7r-acychc resolution 

and a compatible resolution of Lj(— Sj). In Case 2, when E^ = E^ + p + g, the pull-back of 
(5.31) gives a 7r-acychc resolution 

and a compatible resolution of Lj(— Ej). In both cases pushing forward by / we get a 
two-term resolution for f^Lj such that both the difference map f^Lj Lj\„ and the map 
/*Lj — > Ljls factor through this resolution. This leads to a new 7r-acyclic resolution for Lj 
of the form 

L,- ^ [ker(/,0 ® {Pj © L,|s,ua) ^ L^l) ^ /,0 ® Q,] (5.32) 
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and a compatible resolution for Sj), such that the map Lj — > LjlsjUo- is induced by 
a surjective map from the resolution in (5.32). Pushing forward these resolutions to S we 
obtain complexes 

[4 ^ B,] C [^;. ^ 5,] C [A, ^ 5,] C [I,- ^ i?,] (5.33) 

representing it!7r*(Lj(— Ej)), i?7r*(Lj(— E^)), i?7r*(Lj) and Rn^^Lj, respectively. Note that we 
have an exact triple 

^ a;. ^ I,- ol' 

and a similar exact triple relating A'^ and Aj. In the case E^ = E^ we have an equality 
Aj = Aj, while in the case Ej = E^ + p + g we have an exact triple of complexes 

^ [A, ^ S, ] ^ [I, ^ ] ^ 5 ^ 
representing the exact triangle (5.25), where the morphism Sj{p, q) : Aj — )■ O5 is given by 

(^j(p,g) = ^j(p)-0•^j(?)■ 
(here ^j(p) and Zj[q) are the components of Zj). The maps Z^- : Aj 0^^ realizing (5.26) 
are defined as compositions 

: A, ^ A, i 0^^ 

while : Aj — )> 0^^ are obtained from them by projecting to Og^ ■ 

Note that all four resolutions (5.33) have the same second term Bj. Thus, as in Step 2 
we can assume that Bj — 'V^(— mo)®^^ for large enough mo, so that 

Ext^°((©,-I,)®'^i ® (V^)®«2(-m), Os) = Ext^°((©,.4,-)®'' ® (V^)®'^^(-m), O5) = 
for m > mo and gi + ^2 < c?- Hence, we can assume that 

Y.^tf{{®,Ajf ® {QjBjfi'^ Os) = Ext>°((®,A,)®^^ ® (©,5i)®'', Os) = 

for Qi + q2 ^ d and ^2 ^ 1 • 

As in Step 2 we realize Em, Em and by the complexes 

Km = Cone(M([y4. ^ S.]) — Os"")[-l], Km = Cone(M([A. ^ S.]) — 0^'')[-l], and 

= Cone(M([yl. ^ 5.]) ^ o|-(p, g))[-l], 
respectively. Then for all M appearing in w we will have 

Ext>\kl„ Os) = Ext>\Kl„ Os) = Ext>°(ir;^, Os) =0 for i > 2. (5.34) 
As before we consider the spaces 

X := tot(Ai © . . . © An) C X := tot(2i © . . . © 2„) 
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over S. We have the following diagram with a cartesian square 



X 



1=1 
idxA« 



7p 



i=l 



(5.35) 



X JJ(A")^' X (A")> X (A")T« 



1=1 



where the maps Z and q are given by and Z[, . . . , Z'^^, respectively, and the 

composition of two horizontal arrows in the first row is equal to Z. 

Proof of Theorem 5.2.1. Isomorphism (5.21) follows from (5.20) by Proposition 2.4.1(ii), so 
we only need to prove (5.20). 

As in Step 2 of the construction, the vanishing (5.34) can be used to choose for each 
monomial M chain maps representing tm and tm- Also, the morphisms in derived category 
from K'j^ to Osf— 1] can be calculated in the homotopy category. Hence, we obtain a realiza- 
tion of the commutative diagram (5.30) in the homotopy category. Since the complex K'j^ 
differs from Km only in terms of degree and 1, we can replace tm by a homotopic chain 
map, so that the diagram (5.30) will be commutative in the category of complexes. 

Let p : X ^ S and p : X ^ S he the projections. Recall that we have a section (3 (resp., 
j3) of p*(0j Bj) (resp., p*{^j Bj)), corresponding to the differential 0^- Aj — )■ 0^. Bj (resp., 
0^. Aj 0^. Bj)., and (3 is equal to the restriction of ^ to X by construction. As in Step 3 
of the construction, from the chain map tm (resp., tm) we get a section olm (resp., q;m) of 
the bundle p*(0j. B)) (resp., p*(0^. B))) satisfying 

(5m, ^) = Z*M®^^ (resp., (c^m,/?) = Z*M®^^). 
The components of degree 1 of the diagram (5.30) form the following commutative square 



05^(P, ® djM{A.) (8) Bj 0^^ e djM{A.) (g) Bj 

3 3 

(Tr, q;m) 

® dM^.) ® Bj ""^^ ^ Os 

3 

This implies that the restriction of olm to X is equal to aM- Therefore, the matrix fac- 
torization {— q;^,/3} on X is isomorphic to the restriction of {— 5^,/3}. As in Step 4, we 
have ^ 

V = {p,Z)^{-a^,(5} and P = (p, Z)4-Q;t«, 
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Since Z is the composition of arrows in the first row of the diagram (5.35), we have 

P ~ (ids xpr? ?)*{-a;^,^})- 
On the other hand, by the base change formula in the cartesian square 

X -JmI . s X fJ(A")^^ X (A")> 

i=l 

ids X id X A*^ 

X -Jll^ S X JJ(A")^' X (A'^)> X {A^yo 
1=1 

we have _ 

(p, q)*{-(^^v, P} ^ (ids X id X A^)*P, 

which imphes the required isomorphism (5.20). □ 

5.3 Verification of the factorization axiom of CohFT 

The main axiom of CohFT describes the factorization property of the maps Ap(7) under the 
gluing morphisms 

Ploop ■ 

where Qi + 92 = 9 and ri + r2 = r (see [34, 2.2.6, 2.2.7]). Here we will verify this axiom for 
the maps (5.9) of our CohFT on the state space = 'K{w, G) (see (5.3)) and also for the 
twisted maps (5.16) on the state space IK(io, G, 1). Specifically, in this section we prove the 
equalities 



(ptree)* ° ^g{ll, . . . , ; 7^ , . . . , 7^ J = 

E,,g(A.i(7i, ■ ■ ■ , 7n, 7) ® A..(7i, . . . , 7;, 7-')) o (id^'' ®T^,,c)- 



(5.36) 



(Pioop)* o A5(7i, . . . , 7r) = ^(As-i(7i, ■ ■ ■ , 7r, 7, 7"') ° (id®' ®T^„d^ (5-37) 
where 7j are elements of G and 



C = ^ • V(id xhy ch(A^ ,) e i/i/,(MFr(A'^ x A^ -u? w)f^ - 

HH,{MFr{w)) ®r M*(MFr(to)) (5.38) 



(the last identification follows from Corollary 2.6.2). The proof of the axiom will be finished 
once we check that {Tw^^i^)^^g are exactly the components of the Casimir element for the 
metric on !K. This will be done in Lemma 6.1.1 below. 
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To verify (5.36) wc first observe that due to condition (3.14) the only potentially nontrivial 
summand in the right-hand side of (5.36) corresponds to 

7 = (71 • . . . • 7,J-i = 7i • ■ ■ ■ • ir.J-^''^'-'-'. 

We have the following commutative diagram involving the moduli spaces of wJ-structures 
with rigidifications: 



S?(7i, ■ ■ ■ , 7n, 7) X S^(7;, . . . , 7;, 7"') — ^fi^u ■ ■ ■ , 7n; 7^, ■ ■ ■ , I'J 

(5.39) 



Stgj X Stg2 



Stg 



where the maps st^, st^-^ and st^^ arc the natural projections. The map ^^^6,7 is given by the 
gluing construction described in the beginning of Section 5.2. Theorem 5.2.1 applied to 

5 = S^^(7i,...,7.„7)xS^^(7;,...,7;,7-') 
gives the following relation between the fundamental matrix factorizations: 
(p"cc,7 X id)*P^^(7i, . . . , 7^,; 7(, . . . , 7;j ~ 

(ids X pri,...,,)4<P;Sr(7i, ■ ■ ■ , 7n, 7) ® ^I^IM. ir^.T^) ® K,, KJ. ^ ' ^ 

where tti and TTa are the projections of ,5 x niii(^")'^' x ni=i(^")^^ x (A")^ x (A")^"' to 
S X niii(A'')^' X (A")^ and S x ni=i(A")^'' x (A")^"\ respectively, and pr^^^ is the projection 

to (A'^)^ x (A")^"'. 

The functor _ 

$ : DMFr(A^ x A^', © wy) Dg{S) 

given by the kernel in the left-hand side of (5.40), where 7 = (7i,...,7rJ and 7' = 
(7^, . . . , 7^2)) is isomorphic to the composition 

DMFr(A^ X A^, w^®wy) ^'^(Sf (7, f)) Dg(S). 

After passing to Hochschild homology and using the HKR map (5.6) we obtain that the map 
induced by $ 

: (g) ^{7, (8) (g) ^Ky^ — HH,(MFr{A^ x A^, ® Wy)) — //*(>5, C) (8) 

k=l 1=1 

(where all tensor products are taken over R and l = t(7, 7') is the map (5.7)) is equal to the 
composition (p^ree,7)* ° ^ff(7) 7')) where (f)g{j, 7') is the map (5.8). On the other hand, let 



ri r2 



^ik ® (X) ^7; ^ i/i/.(MFr(A^ X A\ w;^ © w-r)) H*{S, C) ® 



^7, 

fe=l i=l 
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be the composition of the HKR map with the map induced on Hochschild homology by the 
functor $' given by the kernel in the right-hand side of (5.40). Using the projection formula 
for id^ X pri^...^r (^^^ Proposition 1.5.5) we see that is equal to the composition 



M,(MFr(A^ X A^' x (A")^ x (A")^ , ® Wy ® (B w^-i)) — ^ H*{S,C) ® R, 

where is induced by the functor $ associated with the kernel 7rjfP^'^^p(7i, . . . ,7r^,7) 
^2Pp2^r(Ti' • • • 'Tr2'^~^)- Since is invariant with respect to the action of G x C on the 

factors (A")''' x (A")''' \ we can replace ch(A^^ ^) by its G x G-averaging T^j^^^q in the above 
formula for Since l is exactly the embedding of G'"^"'"''^ -invariants (see Corollary 2.6.2), 
we obtain that (p' is equal to the composition 



ri 



r2 



ri 



7(' 



(g) JC^, ® (g) ® ^-y Oi, 



H*{S, C)^R, 



k=l 



1=1 



k=l 



1=1 



where 4>g^ = 0^^(71, ... , 7ri, 7) and = ^^jITi; • • • > 7r2' 7 Since the functors $ and 
are isomorphic, we have 

= 0'. (5.41) 

The desired formula (5.36) is obtained from this by applying (st^^ x stg^)* taking into account 
the relation 



deg(st 



7GG 



deg(stgjdeg(stgj 



(stp^ X Stg2)*(Ptree,7) ' 



(5.42) 



which holds because the space in the left upper corner of diagram (5.39) is an etale covering 
of the fibered product of ptree and st^. 

The proof of (5.37) is analogous: one has to apply Theorem 5.2.1 to compare matrix 
factorizations over 

5 = S"^l(7l,■■•,7r,7,7"^)■ 
Also, one has to replace (5.39) with the commutative diagram 

rig 

U^ecS^ 1(71, ■ ■ ■ , 7., 7, 7-') Sf (71, ■ ■ ■ , 7.) 



^g-l,r+2 

and use the corresponding equation 

1 



st„ 



Ploop 



9,r 



deg(stg) 



Ph 



loop(^tg)* — 



7eG 



deg(st5_i,^) 



(SV1,7)*(P[^0P,7)*- 



(5.43) 
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To check the factorization axiom for the twisted maps (5.16) we note that in the situation 
of Section 5.2 we have _ 

TdiRn^iL,)) =Td{Rn,{Lj)). 

Indeed, in Case 1 this follows from the isomorphism (5.24), and in Case 2 — from the exact 
triangle (5.25) using the fact that Lj\p is trivial and so has the trivial Todd class. Now it 
remains to apply the equalities (5.41) and (5.42) (resp., (5.43)), taking into account Lemma 
3.3.3. 

5.4 Forgetting tails 

Here we will check the forgetting tails axiom of CohFT (see [14, 4.2]) which corresponds to 
the projection 

9 : Mg^r Mg^r-l- 

To do this wc have to compare the fundamental matrix factorizations in the following situ- 
ation. Let S = §"^''^(7) be the moduli space of F-spin curves with a restricted rigidification 
structure ip (sec Section 3.2) of type (7, J), where 7 = (71, . . . , jr-i) and J is the exponential 
grading element (see (2.2)). Let (C — >■ . . . P, e) be the universal F-spin curve. Let 
Cr — >■ be the corresponding family obtained by forgetting the orbifold structure at pr- Let 
Pr : G ^ Gr and p' : — t- C be the corresponding projections, so that p' o p^. = p : G ^ C is 
the morphism of forgetting the orbifold structure at all the marked points (sec Section 3.2). 
Let (£1, . . . ,/C„) be the collection of line bundles on G associated with the F-bundle P. 

Lemma 5.4.1. On the family {Gr S,pi, . . . ,pr~i) there is a natural T-spin structure 
{P, e) with a restricted rigidification ip such that the collection line bundles on Gr associated 
with P is isomorphic to {pr*'Ci, . . . , {pr)*'Cn)- Hence, we obtain a morphism 

^:5 = Sf'°(7,J)^Sf'°(7) 
covering the forgetting tail map 6. 

Proof. By Corollary 3.2.4, a F-spin structure (-P, e) can be described as an additional struc- 
ture for the line bundles (£1, . . . , £„) given by isomorphisms 

Mi(/:i, ...,Ln)c^ 4/5 for i = 0, . . . , n - 1, (5.44) 

where Mo,...,M„_i are the Laurent monomials (3.10). In the notation of Proposition 
3.3. l(i), we have /Mi(q) = 1 for i = 0, . . . , n — 1. Therefore, the isomorphisms (5.44) induce 
isomorphisms 

Mi{pr*Li, . . . , Pr^-Cn) ~ Pr.^i'^Q^s) i~Pr) - 4?/5' i = 0, . . . , n - 1, 

where the log-structure on Gr is given by the markings pi, . . . ,Pr-i- This is established by 
the argument similar to the proof of (3.17) applied only at the marked point Pr- Thus, we 
get a F-spin structure {P,s) on (C^ — )■ S,pi, . . . ,Pr-i), which inherits the rigidification at 
the marked points Pi, ■ ■ ■ ,Pr-i- □ 
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Since (A")"^ = and Wj = 0, the fundamental matrix factorizations associated with the 
data (C S,pi, . . . ,Pr; P, s, ip) and (C^ S,pi, . . . ,Pr; P, £, ijj) (see Section 4.2) belong to 
the same category, so we can compare them. 

Proposition 5.4.2. One has an isomorphism, 

Pf'°(7,J):^(^xid)*Pf°(7). 

Proof. The natural isomorphisms p'^{pr)*JCjj — p*Lj are compatible with the maps (4.9) 
constructed using the ly-structures on G and on Qj. and with triviahzations (4.10). Since the 
rest of the construction in Section 4.2 depends only on these data, the assertion follows. □ 

The above proposition immediately implies that 

Af(7) = Af(7,^)°(id®'^~'®l)and 

A,(7) = A,(7,J)o(id«'-i®l) 
which is the forgetting tails axiom for the CohFTs of Theorems 5.1.2 and 5.1.3. 

5.5 Concavity 

Here we consider a special class of families of F-spin structures, called concave, and derive a 
formula connecting the class of the fundamental matrix factorization in cohomology of the 
base with the Chern character of a certain vector bundle. This is a generalization of the 
concavity property of [14, Thm. 4.1.5]. 

Let 5 be a DM-stack admitting a finite flat covering by a smooth projective scheme, and 
let G be a finite group. For a G-equivariant vector bundle on 5" (where the action of G 
on S is trivial) we have a canonical decomposition 

r?eIrr(G) 

compatible with the action of G (where Irr(G) is the set of isomorphism classes of irreducible 
representations of G, and the bundles Vj, have the trivial G-action). Hence, the abstract 
Chern character (see Section 2.5) chQ^(V) e HH^(Dg(S)) decomposes as 

r?Glrr(G) 

Let R{G) be the representation ring of G over C. Applying the map q;5 ® id : HH^{S) (8) 
R{G) H*{S, C) ® R{G) (see (5.6)) we obtain an element with values in H*{S, C) ® R{G): 

choiV) = {as (8) id) ch^"{V) = ^ ch{Vr,)[r)] e H*{S, C) R{G). (5.45) 

»7eIrr(G) 
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Remark 5.5.1. The above notion is different from the usual G-equivariant Chern character 
of V with values in Hq{S,C), which for a finite group acting trivially on S is equal to the 
non-equivariant Chern character, because in this case Hq{S, C) = H*{S, C) H*{BG, C) = 
H*{S, C). 

If G is commutative then R{G) = R = C[G] and for every 7 e G we have the evaluation 
homomorphism TT-y : i? — > C. Thus, we can consider the components 

chaiV), := 7r,{chG{V)) = ^7^(7) ch(K,) G H*{S,C)- 

Note that for 7 = 1 the component ch.G{V)i is the usual (non-equivariant) Chern character. 

Now assume that we have a family (vr : C — )■ 5, pi, . . . of orbicurves of genus g with 
r marked points and a rigidified F-spin structure (-P, £), induced by a map 

/:5^Sf(7), 

where 7 = (71,..., 7^) G C. Such a family is called concave if t^'*!©^^! -^j) = for 
j — 1, . . . ,n, where (£1, . . . , £„) are the line bundles on 6 associated with the F- bundle P. 
In this case 

n 

is a vector bundle on S, equipped with a G-equivariant structure via the embedding G C G^. 
Denote by P the pull-back of the fundamental matrix factorization (4.31) to jS" x A'"'. For 
each 7 e G let us denote by 

: = i/i/,(MFr((A")^, w^)) R 

the map induced by the restriction to the origin functor. Note that k,^ is given by the 
canonical pairing with the Chern character of the stabilization of the residue field C^* (see 
Example 2.7.3). 

Proposition 5.5.2. For a concave family of V -spin curves over S induced by the morphism 
f : S^'s(7), the map 

f*(t>g{a) ■.%^,®R... ®R -K^^ ^ H*{S, C)®R (5.46) 

is given by 

f*(f)g{-fl, . . . , 7r) = chG{f\V'') ^K^,^...^K^^, (5.47) 
where ch^ G H*{S, C) ^ R is given by (5.45). 

Proof. By the base change formula, the matrix factorization P is obtained by applying 
the construction of Section 4.2 directly to the family of F-spin curves over S. Note that 
in our case for each j — l,...,n, the complex [Aj — )■ Bj] representing R7i^{Lj) has the 
property that Pj : Aj — > Bj is the embedding of a subbundle. Hence, the map /3 — 



87 



viewed as a section of p*(0j Bj) on X = tot(0^. Aj), is a regular section of the subbundle 
P*(0j ^j) C P*(0j Bj). Let i : S* X be the zero section. Assume first that A~ 7^ and 
let i/ C A~ be the hypersurface Wj = 0. Let i' : S ^ Z^^{H) denote the natural embedding. 
Since Bj/Aj ~ i?^7r*(£j), Proposition 1.6.4(i) implies that 

[C({-a^,/3})] = K/\*(V-)] 

in the Grothendieck group of Dsg{Z^^{H)/T). Hence, the class of ^{P) in the Grothendieck 
group of Dsg{S X H/T) is given by 

[C(P)] = [(p,Z)X({-a^,m = ms xA;)./\>^], 

where A; : {0} — )■ if is the embedding. This implies the result using Lemma 2.2.2 and Remark 
2.2.1.2. In the case A'^ — 0, by Proposition 1.6.4(ii), we have 

[{-a^,^}] = [i.mf/\'(V^)] 

and so by Remark L2.4, 

[comG(P)] = [A>")]- 

□ 

Corollary 5.5.3. In the situation of Proposition 5.5.2 assume in addition that {K'^y^ = 
for all i — 1, . . . ,r. In this case IK-y. = it! for every i, so we can view the map (5.46) as an 
element of H*{S, C) R. We have 

/>,(7i,...,7r) = chG(/\V), (5.48) 

where cha is given by (5.45). The twisted element ^^"'(7) G H*(S,C) (see (5.15)^ is equal 
to the top Chern class ofV^: 

^f{l) = i-^fcDiV) = cniy^). (5.49) 

where D is the rank ofV. 

Proof. The formula (5.48) is a direct consequence (5.47). The formula (5.49) follows from 
the fact that the component ch(5(/\*'V*)i is the usual Chern character and from the standard 
relation 

Ctop(V) = Td(V)-ch(/\V). 

□ 
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5.6 Homogeneity conjecture 

Our conjecture that the reduced CohFT of Theorem 5.1.3 is isomorphic to the one con- 
structed in [14] imphes a certain homogeneity property of the maps Xg{^). This suggests the 
following analog of the Dimension axiom of [14, Thm. 4.1.5] for the maps 

(/)*-(7) : eilK^, ® . . . ® e,J{,^ ^ H*(§fm, C) 

(see (5.15)). 

Homogeneity Conjecture. The image of the map (pf'ij) is contained in ii"2C«W(S^'g(7)), C), 
where 

1 

Dg{l) = Dg{j) + -J2N^. and 

i=l 

-Cg(7i, . . . , 7^) = (fif - l)c^ + + + 

(see Section 3.3). 

Note that for 7 such that §^(7) is nonempty, we have 2Dg{^) e Z and 

2Dg{^) = N^^ + ... + N^^ mod 2, 

where = dim(A")'^. Since the map ^^^(7) is even with respect to the natural Z/2Z- 
grading, we know that the above conjecture holds modulo 2, i.e., the image of 0**^(7) is 
contained in 

Now we are going to prove a certain homogeneity property related to the above conjecture. 
Let us say that a Koszul matrix factorization {a, (3} of w has rank k ii a and (3 are sections 
of dual vector bundles of rank k. 

Proposition 5.6.1. Let Ei, for i — 1, . . . ,r, be a Koszul matrix factorization of the potential 
to-y. of rank ki. Then 

(/)*-(7)(ch(^0, ■ ■ ■ , ch(^,)) e //2(D,(^)+fe,+...+..)(sJg(^), c). 

Proof. Let us write for brevity S = §"^^(7). Recall that the fundamental matrix factorization 
(4.31) is a F-equivariant matrix factorization of —W7y on S x 111=1 ('^")^' '^^ the form 

where p : X — tot (A) — > S is the projection from the total space of a vector bundle 
A — 0^. Aj, and {a, /3} is the Koszul matrix factorization of 0, 

m 
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where B = ^jBj. Here the complexes [Aj — )• Bj] represent the objects Rn^i^Lj) G D^(S). 
Since 0*"' is defined using the speciahzation by tti : ^ C corresponding to the element 
1 e G, we can disregard the G-equivariant structure on P. Therefore, we have 

0f (7)(ch(^i), ■ ■ ■ ,ch(^,)) = exp(7ri5,(7))-^-^st,(Td(i?7r,(0£,))-^-ch(K)), (5.50) 

where K = (ps)*(P ® £"1 ® . . . ® Er). Here ps : S x A'*' ^ § is the projection. We view K as 
a Z/2-graded complex of quasicoherent sheaves on S with coherent cohomology. The Chern 
character of such a complex K can be calculated as ch(ii') = ch.{H^'"^"'K)—ch.[H"'^'^K). Thus, 
we can replace the expression in the right-hand side of (5.50) with a similar expression of 
characteristic classes in the Chow group A*{§) (g) Q. It is enough to show that 

n 

Td(i?7r,(0 Lj))-^ ■ ch(K) = Td(B) ■ Td(A)-^ ■ ch{K) e ^^fl(7)+fci+-+fc'-(s) ^ 

where ^^(7) = rkS - rk A by (3.19). Note that 

K = (ps)*(p, Z)4{a, Z*{Ei ® . . . ® ^,)) ~ p^a', p'}, 

where {a',f3'} is a Koszul matrix factorization of zero of rank rkB + ki + . . . + kr on X 
(supported at the zero section §> C X). By [7, Lemma 5.3.8], we have 

Td(A)-i-ch(ir) = chf({«',/3'})-[p], 

where ch^({Q;', f3'}) & A*{§ ^ X) is the localized Chern character of the Z/2-graded complex 
{«',/?'} (see [48, sec. 2.2]), and [p] e A-''^'^{X S) is the orientation class of p. Now by 
[48, Thm. 3.2], the class 

Td{B) ■ chf ({a',/3'}) G A*{§ -> X) 
is concentrated in degree ikB + ki + . . . + kr- Hence, the class 

n 

Td(i?7r.(0£,))-i ■ ch(P) = Td(i?) ■ chf ({a',/3'}) ■ [p] G A*{S) 

fives in degree rkB — ickA + ki + . . . + kr as claimed. □ 

Corollary 5.6.2. The Homogeneity Conjecture holds in the case when (A"^)'''* = for every 
i = l,...,r. 

We expect that Proposition 5.6.1 is compatible with the above Homogeneity Conjecture 
due to the following property of Koszul matrix factorizations. 

Vanishing conjecture for Koszul matrix factorizations. Let W G C[[a;i, . . . , a;„]] be 

an isolated singularity and let {a, /3} be a Koszul matrix factorization ofW of rank r 7^ n/2. 
Then ch({a,/3}) = 0. 

Note that here we do not assume W to be quasi-homogeneous. 
We can verify the above conjecture in the case when ^ is linear. 
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Proposition 5.6.3. The vanishing conjecture holds for a Koszul matrix factorization {o;, /?} = 
{ai, . . . , a,.; 61, . . . , 6^}, where bi, . . . ,br are linear forms in Xi, . . . ,Xn- 

Proof Note that if one of the elements does not he in the maximal ideal m C C[[a;]] = 
C[[a;i, . . . ,Xn]] then {a, (3} is contractible and so has trivial Chern character. Thus, we can 
assume that Oj e m for all i. The inclusion of ideals {diW, . . . , dnW) C (ai, . . . , a^, &i . . . , &r) 
implies that 2r > n (since W has an isolated singularity). It remains to prove that 
ch.{{a,/3}) = in the case 2r > n. We have a e V <^ ^[[x]], P e V* <^ where V 

is a A;- vector space of dimension r, and 

{a, /3} = (/\>) ® C[[a;]], (5 = aA? + 

By the formula for the Chern character for matrix factorizations [49, Thm. 3.2.3], it is enough 
to check that 

stTc[[x]]{dJ 0...0 diS) = strc[[:r]] {{i^idnP) + d^aAl) 0...0 + 9iq;A?)) = 0. (5.51) 

By assumption, /3 is linear in Xi, . . . so di/3 are elements of V* C V* ® After 
expanding the product in (5.51) only the terms which contain equal amounts of L{dif3) and 
djaAl factors will contribute to the supertrace. Thus, it is enough to check that for every 
subset / C (1, . . . , n} of cardinality n/2 one has 

strc[[a;]](Ao...o^„) = 0, (5.52) 

where 

^ ^ lel 

' \diaM, i^I. 

Now we can argue as in [49, Lem. 4.3.5]. Let Vi G V he the orthogonal complement to 
the collection of elements {di(3)i^i. Since r > n/2, we have Vi ^ 0. Let V2 C V be some 
complementary subspace to Vi, so that V = Vi®V2. Then each operator preserves the 
filtration 

l^\Vi)®t\{V2)®<C[[x]] 

on /\*{V) (8) C[[a;]]. The induced operator on the associated graded space is of the form 
id ®Ai, where acts on ^'(^2) <H) C[[x]]. Thus, the supertrace in (5.52) is equal to the 
product 

strc(id; /\ (Vi)) ■ strc[[x]](^i o . . . o A^) 
which is equal to zero because strc(id; A'(^i)) — 0. □ 

Corollary 5.6.4. Assume that for each j E G, the space HH^{MF{w^ j)'-' is generated by 
the Chern characters of Koszul matrix factorizations {a, b} of rank 1 with b linear (possibly 
after a change of variables {xi, . . . ,Xn))- Then the Homogeneity Conjecture holds for the 
CohFT associated with w and G. 

In particular, it holds for all simple singularities. 

Proof. The first assertion follows from Propositions 5.6.1 and 5.6.3. In Section 7 we will 
verify that this criterion can be applied to all simple singularities. □ 
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5.7 Index zero 



In the case when Dg{j) = and (A")'''' = for every i = 1, . . . , r, the Homogeneity Conjec- 
ture predicts that fp^^ij) belongs to /J''(Sg(7), C), so it should be a multiple of the funda- 
mental class on each connected component. Following [14], we will identify this multiple in 
terms of the degree of a certain map between affine spaces. 

Let (C,pi, . . . -P) be a F-spin curve with smooth orbicurve C, corresponding to a 
point in the moduli space S = §(,(7). Assume that Dg{^) = and (A")'''* = for every 
i = 1, . . . ,r. As in Section 4.2, consider p : C — ?> C, where C is the smooth curve obtained 
by forgetting the orbistructure at marked points, and the line bundles Lj = p^i^jj) on C, 
where (£1, . . . , are the line bundles on Q associated with the F-bundle P. Then for every 
monomial M in lo and every j — 1, . . . ,n we have a morphism 

a,(M) : djM{H\L,)) ^ H\djM{L,)) ^ H\uc ® L"') ^ H\Lj)\ 

which can be viewed as a section of the vector bundle H^{Lj)* ® Ox on the affine space 
X — H^{Lj) (see Section 4.1). As in Section 4.1 we take linear combinations of these 

sections 

k 

where w — Ylk=i^kMk and M^. = x^''^ . . . a;^'=" . Then by Proposition 4.1.1, the section 
a — {a^, . . . , a^) of 0J=i H^{Lj)* Ox has zero locus supported only at the origin. We 
can view a as a F-equivariant morphism between affine spaces 

n n 

a:X = ^H\L,) ^ Y = ^ H\L,y ^ x- (5-53) 
j=i j=i 

This morphism has the property that the subscheme a~^{0) is concentrated at the origin in 
X. Note that our assumption Dg{^) = implies that X and Y are affine spaces of the same 
dimension. 

Let -'^ (F) denote the group of algebraic characters of F. The natural embedding i : G — > F 
induces a surjective homomorphism of the group rings 

L* : C[X{r)] C[G] = R. 

Also, consider the homomorphism 

(^:G^^F:A^(A'^\...,A'^") 

and the induced homomorphism 

cp^:C[X{T)]^C[X{GJ] = C[t,t-% 

where we choose a generating character t G X{Gm) to be t{X) — X~^. Note that (fi*{x) — t^'^- 
Define the Z-grading on C[X(F)] by 

^*(^)^^deg(OforeeX(F), 
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so that if* becomes a homomorphism of Z-graded algebras. Let C[X(r)] be the completion 
of C[X(r)] with respect to the degree filtration (C[X(r)])>q. The homomorphism ^p* extends 
to a homomorphism from C[X(r)] to the ring of Laurent series in t. 

We have the following analog of the Index zero Axiom of [14, Thm. 4.1.5]. 

Proposition 5.7.1. Assume that Dg{^) = and (A")'^' = for every i = l,...,r. Let 
X — (C, £,) & § be a point with smooth 6. Let 

n n 

Qj — h^{C, Lj), bj — h^{C, Lj) and h — aj — bj — diiaX, 

j=l 3=1 

where we use the notation above) 

(i) The restriction of the class (f)g{^) G H*{§, C) <S> R to the point x & § is given by 

<PMU = i-^)''-{H'ia-\0),O)]GeR, 

where [V]g denotes the class of a G-module in the representation ring R ofG. In particular, 
the restriction of the specialized class 4>*^{j) G if*(S, C) to x & § is equal to 

<f>fm,^i-l)^.i{a-\0))eC, (5.54) 

where £{a~^{0)) is the length of the zero- dimensional scheme a~^{0). 

(a) Let tj e -'^(r) denote the inverse of the character of F induced by the jth projection 
— >■ Grn- Consider the element 



Xtj] 



(^ 



Then P belongs to C[X{V)\ and 

Ul)l = {-^f-\H\a-\Q\0)]G = i*P 

(Hi) Consider the subgroup (J) = G fl ip{Qm) C V . Since J has order d we can identify the 
representation ring of (J) with C[m]/(m'^ — 1) using the character u = We have the 

specialization homomorphism C[t,t~^] — )■ C[u]/{u'^ — 1) sending t to u. Consider the Laurent 
series 

Then Q{t) is a Laurent polynomial and viewing H^{a~^{Q), 0) as a representation of (J) we 
obtain 

{-l)'^-[H'{a-\Q),0)](j)^Q\t=u. 

(iv) One has 
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Proof, (i) Let P be the restriction of the fundamental matrix factorization over S to x. By 
our construction, P is the F-equivariant matrix factorization of over a point given by 

P^p,{-a,0}c^p,mi(K'(-a)), (5.55) 

where p : X ^ pt is the projection (see Lemma 1.1.9). Since 

H°{mi{K'{-a))) ~ H^''^''{K'{-a)) and H\mi{K*{-a))) ~ H'"^{K\-a)) 

as G-equivariant sheaves (see (1.13)), the assertion follows from the fact that the only nonzero 
cohomology of the Koszul complex K*{—a) is the sheaf 0^-1(0) in degree h{s) — dimX. 

(ii) Let C(r) be the category of representations F of F of the form 

V = ©^GX(r),deg($)>-ArV'^ ® 

where all multiplicities are finite-dimensional. The assignment 

e6X{r) 

gives an additive function KQ{Q{r)) C[X(F)] , compatible with tensor products. It is 
easy to see that 

P = [p,K{-a)]r. 

The isomorphism (5.55) implies that the class of P in is equal to i*P. Also, the cohomology 
oi p^K{—a) is finite-dimensional, so P e C[X(F)]. 

(iii) This follows from (ii) applying the specialization with respect to the homomorphism 

if* : X{T) X(G„) because ip*{x) = and ^*{t)j = f^K 

(iv) This follows from (iii) by specializing to t = 1. □ 

Remark 5.7.2. The Witten map D considered in [14, Thm. 4.1.5] (restricted to a point) 
is equal to the complex conjugate of our map a (see (5.53)). Thus, the degree of D differs 
from the algebraic degree of a by the factor (—1)'*, so our formula (5.54) agrees with Index 
Zero Axiom of [14, Thm. 4.1.5]. 

Example 5.7.3. Consider the case when G = (J) and w{xi, . . . , Xn) is homogeneous of 
degree d, so that dj — 1 and qj — 1/d. Then the degrees of all the line bundles Lj are the 
same, so the index zero condition means that deg(Lj) = — 1 for every j. In this case the 
formula of Proposition 5. 7.1 (iii) gives 

0.(7)1. = = + U + u'-')f^^\ 

Specialization ai, u — 1 gives in this case 
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5.8 Sums of singularities 

Assume that wc have a decomposition w = w'{xi, . . . , Xn') © w"{yi, . . . , yn") with n! > ad 
n" > 0. Then both polynomials w' and w" are also quasi- homogeneous with respect to the 
restrictions of the degree vector. Assume also that G = G' x G", where G' C Gu,i (resp., 
G" C Gw") is a finite subgroup containing the exponential grading element. Let V C Ty,/ 
(resp., r" C r^i,//) be the subgroup associated with G' (resp., G"). Then the character 
X : r — > factors through each of the natural projections F — > F' and F — > F" and we 
have a cartesian square of commutative algebraic groups 

F F' 

X' 



Hence, for 7' e {G'Y and 7" e {G"Y we have natural isomorphisms of the moduli spaces 

s;>(7) ^ s;>(7) Xh„. s;>,(r), (s.se) 

where 7 = (7', 7") G G^. Also, we have a natural decomposition of the state space IK(i/j, G) 
into a tensor product: 

G) - :K{w', G') ®c ^{w", G"), (5.57) 

compatible with the decomposition i? = i?' (g) R", where R' = C[G'], R" = C[G'']. 
The following result is an analog of [14, Thm. 4.1.5(8)] and [14, Thm.4.2.2]. 

Theorem 5.8.1. (i) For^— (7', 7") G C one has an isomorphism 

P?r(7) ^ P^'P;>(7) ®PhP%m (5.58) 

m DMFr(Sg ^(7) x A'''' x A'>'", —Wiy), where pr' andpr" are the projections to §^^(7') x A'"'' 
and r//(7") x A'''", respectively. 

(a) Under the decomposition (5.57), the map A^p(7) becomes the tensor product (over C) 
of the maps A^p,(7') and A^'p„(7"). The similar result holds for the twisted map Xg{'y) (see 

(5.16);. 

Proof (i) Let S = S",r(7) be the moduli space of F-spin curves of genus g and type 7. Recall 
(see Section 4.2) that 

P = {p,ZYE, 

where E is a Koszul matrix factorization on the total space of the vector bundle p : X ^ S 
and Z : X ^ is a linear map. We denote by X',p',E', etc. (resp., X'\p'\E'\ etc.) 
the similar data constructed for [w' , F') (resp., {w" , F")) using the induced F'-spin structure 
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(resp., r"-spin structure) on the universal family of F-spin curves over S. Going through the 
steps of the construction of these data we see that X = X' Xs X", Z = {Z', Z") and 

where px' : X — )■ X' and px" '■ X — )■ X" are the projections. Applying Proposition 1.5.7 to 
the maps (p', X') : X' ^ S x and {p", X") : X" ^ S x we obtain an isomorphism 

Pc^pl,{P')®pl,{P"), 

which leads to (5.58), since P' and P" are the pull-backs of the fundamental matrix factor- 
izations associated with the universal families over S^'r/(7') and Spr//(7")- 
(ii) Denote by S' = S"r/(7') (resp., S" = S"r//(7") the corresponding moduli spaces, and 
let ps' : S S' and ps" : S ^ S" be the projections. Using (i) we obtain that for 
A' e MFr'(A~) and A" e MFr"(A~) one has 

^Mi^'^A")c^pU<^'^{Ym) ^pU^'^miA")), 

where $^(7) (resp., $"(7")) is the functor given by the kernel Por/(7') (resp., Por»(7"))- 
Hence, the induced map 

0^(7) : :K^, (g)fl ® . . . (8)fl ^ H*{S, C)^R 

(see (5.8)) is given by 

{h[ (g) h';) (g) . . . (g) (/i; (8 h';) ^ pU(t>'g{K ® ■ ■ ■ ® K)) ■ p*s"{(t>"g{K K)), 

where 0^ and (pg are the corresponding maps for {w',T') and {w",T"). It remains to take 
the push-forward with respect to the projection st : 5" — > M^^^ a-^d use the isomorphism 
(5.56). In the case of the twisted map Xg{^) one has to use in addition the multiplicativity 
of the Todd class and the additivity of the numbers Dg{^) under the product of symmetry 
groups. □ 



6 Calculations for genus zero and three points 

In this section wc will compute the fundamental matrix factorization and the maps of the 
CohFT of Theorem 5.1.2 corresponding to with three marked points under some technical 
assumptions on the type (71,72,73)- In particular, we will verify the metric axiom of the 
CohFT. The results of Section 6.2 will be used in Section 7 to determine the Frobenius 
algebras associated with our CohFT for all simple singularities. 
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6.1 Metric axiom 



In this section we will check that the components of the metric on the state space of the 
CohFT of Theorem 5.1.2 are equal to the maps A^(7, 7"^, J), as required by the metric 
axiom of CohFT. 

Since Mo,3 is a point, the moduli space §0,3 ^ finite stack, where a point of §0,3 corresponds 
to a F-spin curve (6, Pi, P2, P3; -P, with the projection p : C — > C = obtained by forgetting 
the orbi-structure at pi, p2 and p^. By Proposition 3.3.1, the type (71, 72, 73) G of such a 
F-spin curve should satisfy 717273 = J, and there exists a F-spin curve of every such type, 
unique up to an isomorphism. 

First, let us consider the situation where 73 = J and therefore 71 ■ 72 = 1. Thus, we will 
denote 71 = 7 and 72 = 7"^. As we have seen in Section 5.4, in this case we can drop the 
point p3 when calculating the fundamental matrix factorization. 

Let Lj = p*{^j) be the corresponding line bundles on (where (£1, . . . , £„) are the line 
bundles on C associated with P), and let 5* C (1, . . . , n} be the set of j such that the jth 
component of 7 is trivial. Formula (3.15) for 5^ = and r — 2 imphes that 

deg Lj 

Note that in the notation of Section 4.2 




{Pl,P2}, j ^ S 

0, J ^ S. 



Hence, = {^1,^2} when j E S for all Xj\M, and E^ is empty otherwise. Thus, for each 
M we have one of the two cases depending on whether /^(deg) is zero or not: 

(i) Em = {pi,P2} and Im{wi) = luinvi) = 0; 

(ii) Em = and both Im{wi) and Im{w2) are positive. 

Without loss of generality we can assume that Lj = (Dpi for j = 1, . . . ,k and Lj = Opi(— 1) 
for j — k + 1, . . . ,n (so 5* = {1, ... , k}). 

The moduli space §0^(7, 7"^, J) is a collection of points ■0 corresponding to different 
choices of rigidification. We are going to compute the restriction P{ijj) of the fundamental 
matrix factorization Pqp(7,7^"'^, J) to {ip} x A''. We claim that there exists a rigidification 
ipo of (P, s) such that for j = 1, . . . , A; the induced trivialization of Lj\p-^ comes from a global 
trivialization of Lj — and the induced trivialization of Ljlp^ differs from the restriction of 
a global triviahzation by the factor Q — exp{niqj). Indeed, by Corollary 3.2.4, a choice of a 
restricted rigidification with this property is equivalent to choosing trivializations of the line 
bundles Li, . . . ,Lk at pi and p2, such that the induced trivializations of Mi{Li, . . . , Lk) — 
uj{pi +P2) at these points coincide with the canonical trivialization, where Mq, . . . , Mk-i are 
Laurent monomials in the subset of variables xi, . . . chosen as in (3.10). If we choose 
arbitrary global trivializations Cj : ^ Lj for j — 1, k, then we will get a collection of 
nonzero residues 

Tj = ReSpi(Mj(ei, . . . ,6^)), i = 0, . . . , /c - 1. 
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Since the map (Mq, . . . , Mfc_i) : (C*) — )■ (C*) is surjective, we can rescale e^-'s, so that 
Tj = 1 for each i = 0, . . . ,k — 1. Since the residues of global sections of uj{pi + P2) at pi 
and P2 are opposite, the trivializations ej\p^ e Lj\p-^ and Cj^j\p2 ^ ^j\p2 define a restricted 
rigidification of our F-spin structure. Using surjectivity of the map (3.13) we extend it to 
a rigidification ipQ. We are going to show that P('0o) is essentially the diagonal matrix 
factorization on (A")^ x (A")^"' = A'^ x A'^. 

To apply the construction of Section 4.2 we need to choose resolutions [Aj — )■ Bj] for 
RT{Lj) such that the restriction maps Zj : RT{Lj) — )■ Ljl^^j are realized by surjective maps 
Aj — >■ Lj\-s.. When j — 1, . . . ,k, we have Lj ~ and we take the resolution 



RT{Lj) ^ [Lj\p, ® Lj\p, ^ L|pJ, (6.1) 



where S is the difference map that uses the natural identification L\p^ ~ Llp^. Using the 
rigidification ipo we can identify Lj\p^ ® -^j|p2 with C^. Then the above resolution becomes 

[C^ C], where (3j{x,y) = y — CjX by the choice of i/jq. Note that that the restriction 

map Zj : RV{Lj) — ?■ Lj\p^j^p^ ~ is realized by the identity map — )■ C^. 

When j = k + 1, . . . ,n, there exists an isomorphism Lj = 0(— 1). Since for such j we 
have Ej = 0, we can simply set Aj — Bj — in this case. 

With these choices of resolutions the space X can be identified with A*^ x A*', so that the 
map Z becomes the identity. The bundle J5*(0 Bj) on A'^ x A^ is the trivial bundle of rank 
k with the basis ei, . . . , 6^, and that the differential /3 : ^ Bj corresponds to the 
section 

k 

P = E(%- - e H'{X,P*{^B,)). 

i=i 

The lu-structure also induces a section —a^ £ H^{^,P*{® Bj)) such that {— o;^,/?} is a 
matrix factorization of —w^{x) — w^-i (y) on A*^ x A*^ (see Section 4.2). Since /3 is regular, the 
Koszul matrix factorization {—a^jf^} is a stabilization of the structure sheaf of the shifted 
diagonal y — in A'^ x A'^ (see Theorem 5.2.1). Therefore, 

where Al*^^_^ ~ (C, id)*Ai*^^. 

Any other rigidification ip e §0^(7, 7"^, J) is obtained from i/jq by the action of an element 
{91,92) eGxG. Hence, 

P(^) {g, X 52)*AL*^^,^ c (id xgYAt^^^^, 

where g = g2gi^ £ G. Now we are ready to calculate the maps A^(7, 7"^, J)(-, ■, 1). 
Lemma 6.1.1. For h G 'K{w^) and h' e Oi{w^-i) one has 

A^(7, 7-', J)(h, h', 1) = (iC^h, h')l^, (6.2) 

where 

{■,-)l-.-K{-w^)®'K{w^)^R 
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is the pairing (2.27), and 

is the isomorphism induced by the automorphism Xj (jXj ofC[xi,... ,Xn]. 

The Casimir element corresponding to this metric on the state space — @ 'K{w^) has 
components T^^^^^ e J{{wj) <S> iK(iy-y-i) given by (5.38). 

Proof. Recall that A^(7, 7"^, J) is defined using the functor 

$0(7,7"', J) ■■ DMFr(A'= X A^w^ © w^-.) ^ Dg(So''(7, 7"', J)) 

associated with the kernel Pqp(7, 7"^, J) (see (5.5)). Let us consider the component of this 
functor 

$(^) : MFr(A^^ x A^ © w^-i) Com/(G' - mod) 

corresponding to the point ip G §0^(7,7"^, J). As we saw above, is given by tensoring 
with 

P(V'):^(idx^)*A!_*^^,^ 
for some g E G. Hence, by Proposition 2.4.1(ii), we have 

*(V^)-7r.oA*o(C. x^-^)*, 

where tt : A'^ — > pi is the projection. Recall that the canonical pairing (•, •)^^ is induced by 
the functor tt* o A*, whereas the functor {g~^)* induces the identity map on the Hochschild 
homology H H^(MFr{w^)) . Formula (6.2) follows from this and from the fact that under the 
isomorphisms (2.10) the map 

decomposes into the direct sum of morphisms 

(C.)* : H{w^^y) — )■ H{—w^^y) = H{Wj^j') 

induced by the automorphism of C[x] sending Xi to Qxi, where w^^y — iy|(A"){T.T'}- 

The second assertion follows from Proposition 2.7.2. □ 



6.2 Three-point correlators 

Now we are going to consider the maps A^(7) corresponding to arbitrary markings 7 = 
(71, 72, 73)- As in the beginning of the section, we work with a it>-curvc C with three marked 
points, where we no longer assume that 73 = J. Note that in this case (3.15) takes form 

deg = q - 6>i - 6>2 - 03- (6.3) 

Recall that for every j = 1, . . . ,n, the subset C {pi,P2,P3} contains the point pi if and 
only if {9i)j = 0. Using the fact that the coordinates of 6i belong the interval [0, 1) we obtain 
the following list of possible cases. 
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Lemma 6.2.1. For every j = 1, . . . ,n, one of the following possibilities is realized: 

(i) = 2 and Lj = 0; 

(a) = 1 and Lj is either or 0(— 1); 

(Hi) = and Lj is either 0, or 0{-l), or 0(-2). 

□ 

As before, to compute A^(7) we need to choose resolutions [Aj — )■ Bj] for RT{Lj). 
In case (i) we will use the resolution (6.1). In case (ii) when Lj = we can use the 
resolution 

Aj = H\0) ^Bj^O 

with Zj : Aj ^ C equal to the identity map. In case (ii) when Lj = 0(— 1) we will use the 
resolution 

Aj = H%(D) Bj = C, 

where eVoo is the evaluation at the point oo e (that we assume to be distinct from pi, P2, 
Ps) with Zj still equal to the identity. Finally, in case (iii) we will take the resolution with 
Aj = H^{Lj), Bj = H^{Lj) and zero differential. 

Assume that for any j such that Lj = one has | | > 1 . Then the corresponding space 
X — 0^. Aj gets identified with = Ylj ■ We will use the coordinates Xj (i) on this 
affine space indexed by such that Pi e T,j. For i = 0, 1, 2 let us set 

5. = {j I |E^| = i and Lj ~ 0{i - 2)} C {1, . . . ,n} 

The bundle 0^- Bj has generators Cj labeled by j E SqU SiU 82- For j G ^2 the coefficient 
of Cj in /3 has the form ajXj{ii) + bjXj{i2), where = {pii,Pi2}, ii < i2, and aj and bj are 
nonzero constants (depending on a rigidification ip). For j G Si the coefficient of Cj in /3 is 
Xj{i), where = {pi}. Finally, for j G Sq the coefficient of Cj in (3 is zero. 

Proposition 6.2.2. (i) Assume that one has > 1 for each j such that Lj = 0. Let 
be the restriction of the fundamental matrix factorization to a point ip G §0^(7). Then 
P is isomorphic to a Koszul matrix factorization 

P(V') = {a,/3} 

of the potential w^^{x,{l)) + w^^{x,{2)) + w^^{x,{2>)), where (3 is a section of the trivial 
bundle with generators Cj numbered by j & SqU SiU S2, of the form 

for some aj, bj G C*, where in the first (resp., second) sum we assume that = {pj} (resp., 

= {Vh,Vi2})- 

Furthermore, the map 

A^(7) : "K^^ ®R ®R ^73 R 
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is equal to i'^(l)o{l) (see (5.8) ) for any choice of a rigidification ip, where i^ : §0^(7) 
is the embedding. 

(a) Now assume that for any j such that Lj — one has \T,j\ =2. Consider the composition 

(l)(Si, S2) : "K^^ ®R ®:K^3 HH^(MFr{A^, w^)) R, 

where is the map (5.7) and the second arrow is induced by the functor 

MFr(A^ w^) ^2^^^^^ Comf{G - mod), 

where i : A^^ — )■ A"^ is the embedding of the subspace cut by linear equations 

ajXj{ii) + bjXj{i2) = for j e 5*2, E^- = {pi^^Pi^}, 

Xj(i) = for j e Si, Ej- = {pi} 

and TT : A'^^ jg ^/jg projection. Then one has 

A^{l)^ll(^-t,)-<P{Si,S2), (6.4) 

where (ti, . . . ,t„) are the inverses of the characters of G corresponding to the coordinates of 
the natural map G G^. 

Proof, (i) The first assertion follows immediately from the discussion preceding the propo- 
sition. For the second, we observe that the group G^ acts transitively on §0^(7) and for 
g & G^ one has 

p(#) = rp(^). 

This implies the statement since the functors g* on MFr((A"')'^% lu^.) for g & G induce the 
identity maps on the Hochschild homology and is equal the average of the maps 

i;Ml) over ^ e S?(7). 

(ii) Under our assumptions we have an identification 

A^i X A^2 X A^2 ^ ^7 

so that the section 

j jeSouSiuS2 

is of the form 

where {xj)j^Si are coordinates on A'^% {xj,yj)j^s2 ^'^^ coordinates on A'^^ x A'^^, and Cj is 
the generator of the onc-dimcnsional representation r]j of G. By the second assertion in part 
(i), it is enough to make calculations for one rigidification ■0. By part (i), we have 

P(V') ~ {a, ^} = {ao, 0} ® {q;i2, A2} ^ K*{ao) (g) {012, 
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where we use the decomposition 

0S, = (0Ox-e,)e( Ox-ej) 

j jeSo jeSiuS2 

and write in components a — (aojCKu), (3 — (0,^12). Applying Lemma 2.2.2 we obtain an 
isomorphism 

$P(,^)(^i, E2, ^3) - vr,(r(Ei 0^2® ^3) ® K'{ao)) 

for the functor associated with P{ip). Since i*{Ei ® E2® E^) is supported at the origin, on 
the level of Hochschild homology we can replace the complex K'{a) by the alternating sum 
of its terms. This gives rise to the factor rijeSo^^ ~ formula (6.4). □ 

Note that we have a natural identification 

so that the embedding i is the product of three diagonal embeddings complemented by zero 
in the remaining coordinates. 

Remark 6.2.3. The assumptions of Proposition 6.2.2(ii) are automatically satisfied if dj — 
deg(a:j) = 1 for j = 1, . . . , n and 7^ = 1 for i = 1, 2, 3, where d — deg(iy). 

6.3 Case of homogeneous polynomials and the scalar group action 

Let us consider the case when w{xi, . . . , x„) is homogeneous (i.e., deg{xj) = 1) and G — 'Z/d, 
where d = deg(iu), such that m & 'Z/d acts by the scalar multiplication with exp(27rim/d). 
The group F in this case is G„t acting on A" via scalar multiplications, the character x • 
Gm — Gm sends A to A'^. The element e (C*)'^ has all the components equal to exp{m/d). 
Our CohFT has the state space 

me'Z/d 

where Jim — R ior m E Z/d\0 and 

:Ko = M.(MFg^(A",«;)). 

Let us set for m e Z/d \ 

e(m) := 1 G J-Cm- 

Recall that JCq is an i?- module equipped with the canonical i?- valued metric (•, O^- We also 
have a special element 

e(0) := ch(C'*) G IKq. 

Using Proposition 6.2.2(ii) we can calculate all the maps A^(mi, m2, ms), or equivalently 
the i?-algebra structure on IK in terms of these data. Recall that the i?-valued metric on IK 
restricts to the canonical metric on IKq x IKq (twisted by (C»)* in the first factor) and also 
restricts to the natural pairing between IK^ and IK_^, so that 

(e(m), e(-m))^ = 1 for m e Z/d \ 0. 
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The flat unit element in this case is e(l) e CKi. Let us pick as a generator t of the group G 
the character 

i(m) := exp(— 27rim/(i) (6.5) 

and use the corresponding identiflcation R = C[t]/{t'^ — 1). Below we will often omit 
{mi, 1712,1713) from the notation Aq {mi, 1712,1713) {x,y, z), where x e ^mi, y £ 

Z G ■ 

Theorem 6.3.1. (a) All the nonzero maps Aq{-, ■, ■) are given by 

\R( ( w w /l' mi + m2 + m3 = d+l, 

A^(e(mi),e(m2),e(m3)) = < (6.6) 

l^(l-i)", mi + 777.2 + m3 = 2d+ 1, 

A^(a;, e(m), e{d + I - m)) = {x, e(0))^, (6.7) 

A^{x,y,e{l))^{{C.).x,y)'', (6.8) 

where mi, m2, m^ G [1, — 1], m G [2, 0? — 1] and x,y & IKq. 

r/ie maps 1 e(l),ti e(2) induce an isomorphism of R- algebras 

R['Ko,u]/I c^Ji, 

where I is the ideal generated by the relations 

u'^~^ = e(0), xu = {x, e(0))^, xy = ((C.)*^:^, y)^u^~'^, where x,y E IKq. 

Proof, (a) Recall that the map A^(mi,m2,m3) is zero unless 

mi + m2 + m3 = 1 mod(d). 

Assume first that mi = m2 = 0. Then 777.3 = 1; and the corresponding equality (6.8) 
follows from Lemma 6.1.1. 

Next, assume that mi — while 7772, ?773 G [l,d— 1] are such that 7772 + 7773 — d+1. Then 
(3.15) gives Lj = 0(— 1) for all j. Hence, Proposition 6.2.2(ii) applies with So = 5*2 = and 
5*1 = {1, . . . ,77}. Thus, A^(0, 77^2, 7713) (■, 1, 1) : "Kq — )■ i? is the map induced on Hochschild 
homology by the functor of restriction to G A". Thus, (6.7) follows from Example 2.7.3. 

Finally, in the case when mi,m2,m3 G [l,d — 1] we have either Lj — 0(— 1) for all j 
(when 777i + 7772 + ms = d + 1) or Lj — 0(— 2) for all j (when 7771 + 7772 + 7773 — 2d + 1). In 
the former case 5*0 = 5*1 = ^2 = 0, while in the latter case Si — S2 — and (S'o = {1, . . . , n}. 
Now (6.6) follows from Proposition 6.2.2(ii). 

(b) From (a) and the definition of the metric on [K we obtain the following multiplication 
rules in IK. First, we get that e(l) is a unit. For i,j G [l,d— 1] we have 



e{i) ■ e{j) 



e{i + j-l), i+j<d + l, 

(1 -i)"e(7+j - 1), i+j>d+l 
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(for i + j = 0? + 1 we use the fact that (C,)*e(0) = e(0)). Also, for i e [2, d - 1] and x e CKq 
one has 

x-e{i) = {x,e{0) f ■ e{i- 1). 

Finally, for x,y E 3io one has 

x-y^ {{C.)*x,y)^-e{d-l). 

This is equivalent to our assertion. □ 

Note that the associativity of the product rules obtained in the proof of Theorem 6.3.1(b) 
amounts to the identity 



This can be checked independently using Example 2.7.3. Namely, the left-hand side cor- 
responds to the functor of restriction to the origin in A" x A", and the right-hand-side is 
obtained by first restricting to the shifted diagonal and then to the origin. 

Remark 6.3.2. The specialization of !K at t = 1 is the algebra 



where x,y e "Kq^q = H{w)'^^^. Indeed, this follows easily from the fact that e(0) has zero 
component in Dfo,o (see [49]). In the case when d — n the category of G^-equivariant matrix 
factorizations of w is equivalent to the derived category of coherent sheaves on the corre- 
sponding Calabi-Yau hypersurface X C P" (see [44]) and the above algebra is isomorphic to 
H*{X, C). 

7 Simple singularities 

In this section we will calculate the Probenius algebra structure on the i?-module "K — 
0^gg!K^ given by the CohFT of Theorem 5.1.2 for all simple singularities, i.e., for singu- 
larities of type An, Dm Eq, and E^. We will use the notation and the results of Section 
6. 

7.1 Singularity of type A 

Consider the Ad-i singularity w = x'^ with the symmetry group G = Gw = {J), where 
J = ex'p{27rim/d) (this is the only possible symmetry group allowed by our construction). 
Since w a homogeneous polynomial, we can apply Theorem 6.3.1. We keep the notation of 
Section 6.3. Thus, for m e Z/d we have 



(x,e(0))«.(y,e(0)) 



R 



{{C.).x,y)^-{l-tr^{x,y)^.{l-tr. 



(6.9) 



C['Ko,o,u]/{u'^ \xu,xy-{{Q*x,y)u'^ ^), 
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From the description of the Hochschild homology of MFq^[A^,x'^) (see Theorem 2.6.1) and 
the calculation of the Chern character ch(C'^') in [49, Ex. 4.2.2] we have an identification of 
i?-modules 

R/{1 + t + ... + f^-^) :Ko : 1 ^ e(0) = ch(e*). 
The metric on IKq is given by 

(e(0), e(0)) = (e(0), Ce(0))« = (e(0), e(0))^ = 1 - t, (7.1) 

where ( = exp{7ri/d) (see (5.12)). Indeed, since e(0) = ch(C*^*), by Lemma 2.2.2, (e(0), e(O))''^ 
is equal to the class of the Z/d- representation (C^*)|o in R. Also, (* acts trivially on the 
regular Koszul matrix factorization C*^*. 

Thus, we have an isomorphism of i?-modules 

:K = i?/(l + i + . . . + i"^-^) • e(0) e R-e{m). 

m&/d\0 

The metric on IK is given by 

(e(m), ei—m)) — < 

" ^ " yi-t, m = Q. 

By Theorem 6.3.1, setting u — e(2) we obtain an isomorphism of i?-algebras 

% ~ R[u]/{u'^ - 1 + (1 + i + . . . + t'^-^)u'^-^). 

If we specialize with respect to tti : t i-^ 1 we get the Frobcnius ring 'C[u\ / {u'''~^) , i.e., the 
Milnor ring of the same singularity. On the other hand, the specialization with respect to Tr^^ : 
i !->■ a;, where a; is a nontrivial dth root of unity, gives the semisimple ring C[w]/ {u'^ — 1 + a;). 



7.2 Singularity of type D with the maximal group of diagonal 
symmetries 

Consider the D^+i singularity w — x'^ -\- xy^ . The group G = Gw of diagonal symmetries is 
isomorphic to Z/2(i, where m e Z/2d acts on by (exp(— 27rim/d), exp(7rim/d)). In this 
case we denote the line bundles on associated with a F-spin structure as and Ly. We 
will use the identification R = C[t\/{t^'^ - 1), where t : Z/2ci C* is given by (6.5) with d 
replaced by 2d. 

Let us calculate the i?-modules "Km in the decomposition of the state space "K — 0^gz/2(i 
For m = we claim that there is an isomorphism of i?-modules 

Rjil - t + - + . . . - t^'^-^) ^ :Ko : 1 ^ e(0), 

where e(0) = ch(£') with E — {x^~^ + y^, x}. Indeed, consider the decomposition 

m&/2d 
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where is the restriction of w to the subspace of m-invariants. We have 

H{wof''^'^ ^C-ydxAdy, H{wdf''^'^ = 0, and H{wmf''^'^ = C for m ^ 0, d. 

Now our claim follows from the fact that e(0) has nonzero components in H{wmY'^'^'^ 

m ^ d (this computation is analogous to the case m — and d — 3 considered in [49, Ex. 

4.1.8]). 

For m ^ 0,d the components CK^ can be identified with R ■ e(m), and for m = c? we have 
an isomorphism 

:Kd = HH4MFy2d{^\ x'')) ~ R/{1 + f + t^ + ... + t"'-'') ■ e{d), 

where e{d) — ch(C®*) (here m e Z/2d acts on by exp(27rim/d)). Note that (C«)*e(m) = 
e(m) since e(m) is the Chern class of an object invariant under (C.)*- 
The metric on "K is given by 

(e(m), e(— m)) = 1 for m ^ 0, 

(e(rf),e(rf)) = 1 

(e(0),e(0)) = -(l+t)r2. 

The second equality follows from the case of singularity Ad_i. To get the last equality we 
observe that by Lemma 2.2.2, (e(0),e(0))^ is equal to the class of the Z/2-graded complex 
of G-modules (with finite-dimensional cohomology) 

7r.(EU=o) = 7^.({y^ 0}) ^ C[y]/{y^) ® [1], (7.2) 

and the class of C[y]/ {y"^) is equal to 1 + t. 

To calculate A^(e(mi), e(m2), 6(777.3)) € -R we can apply Proposition 6.2.2(ii) in most 
cases. Prom now on we assume that < 771^ < 2d for i = 1, 2, 3. Note that q = (^, ^) 
while 

({0,0), rrii^O, 

[(2-^,11), d<m,<2d. 

Thus, the condition (6.3) implies that ~ only when two of the 777j's are zero. On the 
other hand, = if and only if mi +1712 + 7713 = d—1, in which case it is possible that only 
one or none of rrij's is trivial. Thus, we have two cases not covered by Proposition 6.2.2(ii): 
Case la. mi + 7772 + Tn^ = d — 1 with r77j > for i = 1, 2, 3; 
Case lb. ttii = and 7772 + ^3 — d—1 with 7772 > and 7773 > 0. 

Consider first Case la (which can occur only for d > 4). We have Oi = {l—rrii/d, mi/{2d)), 
so 61 + 62 + 63 = (2 + 1/d, {d - l)/(2d)). Thus, we have = 0(-2) and Ly = 0. Hence, 
this is the case of index zero considered in Section 5.7 (since x(0(— 2)) + x(0) = 0). Also, 
since < 777^ < d — 1, all these group elements have trivial invariants in A^. Thus, applying 
Proposition 5.7.1(ii), we obtain 

1 — t~'^ ■ t 

A^(e(777i), 6(7772), 6(7773)) = — i-^— ^|ti=t-2,t2=t, 

1 — 12 
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where ti and t2 are characters of the group F satisfying ^ =t\. Thus, we have 

1 - r'^ 

A^(e(mi), e(m2), e{m^)) = ^\t^=t = -(1 + t)t 

i- — l>2 

In Case lb we have 6*1 + 02 + 6>3 = (1 + 1/c^, (ci - l)/2c^), so = 0(-l) and Ly = 0. 
Also, we have T,x — ^y — {pi}- By Proposition 6.2.2 (i), in this case the fundamental matrix 
factorization P{ijj) is the Koszul matrix factorization {—x'^~^ — y'^,x} on A^. Hence, by 
Lemma 2.2.2, the corresponding functor MFr(iu) — )> Comf{G — mod) associates with E the 
restriction comG{E\x=Q), which we computed in (7.2). This gives 

A^(e(0), e(m), e{d - 1 - m)) = -(1 + t)r'^ for < m < d - 1. 

In all other cases we can apply Proposition 6.2.2(ii). Note that A^(e(mi), e(m2), e(m3)) 
is only nonzero when mi +m2 + ^3 = d — l{2d) (since J corresponds to d — 1 e Z/2(i). Note 
also that by (6.3), 

Ly = 0(-a), 

where mi + m2 + m3 — d — 1 + 2da. 

Case 2a. mi + m2 + = 3d — 1 with < mi < d, < m2 < d and d < < 2d. 
In this case = Ly = 0(— 1), so 5*0 = 5*1 = 5*2 = and we get 

A^(e(mi),e(m2),e(m3)) = 1. 

Case 2b (occurs only for 0? > 4). mi + m2 + m3 = 3d — 1 with < mi < d, d < m2 < 2d 
and d < m^ < 2d. 

In this case Lj. — 0(— 2) and Ly — 0(—l), so Si — S2 — $ and Sq — {x}. Thus, we get 

A^(e(mi), e(m2), e(m3)) = 1 - t'^. 

Case 2c. mi + m2 + ms = 5d — 1 with d < mi < 2d ior i — 1, 2, 3. 

In this case L^ = 0(-l) and Ly = 0(-2), so ,5i = ,^2 = and = {v}- Thus, 

A^(e(mi), e(m2), e(m3)) = l- t. 

Case 3. mi = d, < m2 < d, d < m^ < 2d with mi + m2 = 2d — 1. In this case 
Lx = Ly = 0(— 1) 5*1 = {x} and 80 = 82 = 0, so we have to calculate the class of the 
restriction of G MFG^(A^a;'^) to G Thus, 

A^(e(d), e(m), e{2d - 1 - m)) = 1 - for < m < d - 1. 

Case 4. mi = 0, m2 + ms = 3d — 1, where d < m2 < 2d and d < m^ < 2d. In this case 
Lx = Ly = 0(— 1), so 5*1 = {x,y} and 80 = 82 = 0. Hence, we are reduced to computing 
the class of the restriction oi E to x = y = 0. Therefore, we get 

A^(e(0), e(m), e{3d - 1 - m)) = 1 - ioi d < m < 2d - 1. 
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Case 5. mi = 0, m2 = d, = 2d — 1. In this case = 0, Ly = 0(— 1), so we have 
^1 — {y}j ^"2 — {^} = 0. Thus, we have to calculate the class of the restriction 

E^C^* e MF(A2 X A\w{xi, y) x^) 

to the linear subspace xi — X2, y — 0. Since tensoring with C^* has the same effect as the 
restriction to the origin, this class is equal to the class of the restriction of to x = y = 0, 
so we obtain as in the previous case 

A^(e(0), e{d), e{2d - 1)) = 1 - 

The remaining two cases (mi, 777.2,777.3) = (0, 0, c? — 1) or {d,d,d— 1) can be computed 
using (6.2), since e{d — 1) is the flat unit 1 for our theory. 

Now we can determine the ring structure on "K. The element e{d — 1) is a unit. We 
always have 

e(mi)e(m2) = r(mi, m2)e(mi + m2 — d + 1) 
with some r(mi, m2) G R. Prom the formulas for Aq^(?, ?, ?) we get the relations 

e{d - 2)e{rn) = e{rn - 1) for 1 < m < - 2, 

e{d - 2Y = e{d - 2)e(0) = -(1 + t)r^e(-l), 

e{d — 2)e(— m) = e(— m — 1) for 1 < m < 0? — 1, 

e{-lf ^{l-t)e{d-l). 

Thus, "K is generated as an i?-algebra by elements u — e{d — 2) and v — e(— 1) subject to 
the relations 

v'^ = 1-t, u'^ = -{l+t)r%, {l-t){l+t^ + . . .+t'^'^-^)u'^~'^ = {l+t^ + . . .+t^'^-^)u'^''^v = 0. 
The specialization t = 1 gives the Frobenius algebra C[u]/{u'^'^~^) with the pairing given 

by 

(^^''^-^ 1) = -2{u'^-^e{-l), e{d - 1)) = -2{e{-d + 1), e{d - 1)) = -2. 

7.3 Singularity of type D with the non-maximal symmetry group 

The group of diagonal symmetries G^^ of the D^+i singularity w — x''' + xy^ is not generated 
by the exponential grading element J = {exp{27ri / d) , ex.p{27rik / d)) precisely when d — 2k + l 
is odd. In this case J has order d, so the subgroup G — (J) has index two in Gw In this 
section we will calculate the Frobenius algebra corresponding to this subgroup. We will 
use the identification R = C[t]/(t°' — 1), where the generating character t is defined by 
t{J) = exp{—2ni/d). As before we denote the hue bundles of a F-spin structure by and 
Ly. For m e Z/d we set IK^ = 3fjm. Since all nontrivial powers of J have no invariants on 
A^, we have CK^ = R for m ^ 0. For such m we denote by e(m) the element 1 £ To 
compute IKo as an i?-module consider ( J) -equi variant matrix factorizations 

E± = {x'''^^ ± ixy, x^ ^ iy}. 
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and denote their Chern characters by e±(0) = ch(£^-|-). We claim that the map 

i? © ^ J{o : (ri, rs) ^ rie+{0) + r2(e+(0) - e_(0)) 
induces an isomorphism of i?-modules 

R®R/{t-l) ^Jio. 
Indeed, the components of the decomposition 

= H{Wjrr.y 

meZ/d 

are 

H{wy = {C- x'' + C-y) ■ dx Ady, H{wj^y = C for m ^ 0. 

Now using [49, Thm. 3.3.3] we obtain that ch(^-i-) have nonzero m-components for m ^ 0, 
and their 0-component are given by 

ch(£^±)o = {^idx^ + y) ■ dx A dy. 

This immediately implies our claim. 
The metric on IK is given by 

(e(m), e(— m)) = 1 for m ^ 0, 

(e±(0),e±(0)) = -(l + i+... + i^)i^ 
(e+(0),e_(0)) = 1 + ^ + ... + ^'=-^ 
Indeed, the last two equalities follow from the quasi-isomorphisms 

T:S+U+iy=G = 7r*{0, 2x^} ~ C[x\/{x''). 

The calculation of the three-point correlators Aq {mi, 1712,1713) is done similarly to the 
case of the maximal symmetry group. We have q = (^^ |) and 

rrii = 0, 
-^), mi = 2l,0<l<k, 
f,^), mi^-2l,0<l<k. 

The condition (6.3) implies that = only when two of the m^'s are trivial. 

We have the following cases with Ly = and < 1. 
Case la. rrii — —2li, i = 1,2, 3, where ^1-1-/2 + ^3 = k, k > 0. In this case — 0{—2) and 
T,x — ^y — 0. Hence, by Proposition 5.7.1(ii), we obtain 

A^{e{-2h),e{-2k),e{-2k)) = ^^^1^^=! = -(1 + ^')^- 
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Case lb. mi = 0, m2 = —2/2, = —2/3, where h + h — k > 0. In this case = 0(— 1) 
and Sj. = = {pi}. By Proposition 6.2.2(i), we have 

P(V') = {-x'^-^-y^x}. 

Therefore, by Lemma 2.2.2, the corresponding functor MFr(iu) — )■ Com/(G — mod) is given 
by the restriction to x = 0. We have 

Hence, 

Ao^(e±(0),e(-2Z2),e(-2Z3)) = l. 

In the cases when Ly ^ Q ox \Tiy\ > 2 we can apply Proposition 6.2.2(ii). Note that 
A^(mi, m2, ma) is nonzero only when mi + m2 + m^ = 1 modrf. 

Case 2a. mi = 2li, m2 = —2^2, m-^ = —2/3, where 1 < k < k and ^2 + ^3 ~ = k. In this 
case Lx = Ly = 0(— 1), so Sq = Si = S2 = 0, and we get 

A^(e(2Zi),e(-2Z2),e(-2Z3)) = l. 

Case 2b. mi = 2/i, m2 = 2/2, m^ = —2/3, where I < k < k and — ^3 + li + I2 = k + 1. In 
this case — C)(— 2) and Ly = 0(— 1), so 5"! = 5'2 = and Sq — {x}. Hence, 

A^(e(2/i),e(2Z2),e(-2Z3)) = l-i. 

Case 2c. mi — 2li, where 1 <li <k and Zi + ^2 + ^3 = ^ + 1- In this case — ©(—I) and 
Ly = 0(-2), so -Si = ,^2 = and Sq = {y}. Hence, 

A^(e(2/i),e(2/2),e(2/3)) = l-t'. 

Case 3. mi = 0, m2 = 21, m,-s = 2{k + l — l), where 1 <l < k. In this case = Ly = 0(— 1), 
so 5*0 = 5*2 = and Si = {x, y}. Therefore, A^(0, 21, 2{k: + 1 — /)) sends the class of a matrix 
factorization of w on to the class of its restriction to the origin. Thus, 

A^(e±(0), e(20, e{2{k + 1 - I))) ^l-tK 

The remaining case mi = m2 = 0, m^ = 1 follows from Lemma 6.1.1 since e(l) is the fiat 
unit. 

Now let us determine the ring structure on !K. The element e(l) is a unit. Note that 
the product of elements in Jimi and IK^j lies in !Kmi+m2-i- Using the above calculations we 
obtain 

e±(0)' ^-{l + t + ... + t^)t^e{2k), e+(0)e_(0) = (1 + t + . . . + t^-^)e{2k), 

e±(0)e(2/) = (1 - t'')e{-2{k + 1 - /)), 
e±(0)e(-20 = e{2{k - I)) for I < k, 
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■ (1 - t^)e{-2{k + l-h- h)): /i + /2 < k + 1, 
e(2/i)e(2/2) = <i (1 - t)e{2{h + h - k - 1)), h + k > k + 1, 
i^-(e+(0) + e_(0)), h + l2 = k + l, 

-t{l + t^)e{2{k-h-l2)), li + h< k. 
e{-2h)e{-2k) = { e{-2{h + I2- k)), h + k > k, 

-^^•(e+(0) + e_(0)), h + h^K 



e{2h)e{-2h) 



e{2{k + h-h)), ll<l2: 
^{l-t)e{-2{k + l-h + l2)), h>l2: 

where 1 < I < k, 1 < li < k. 

Assume first that A; > 1. Then setting u — e(3) = e{—2{k — 1)) we obtain the following 
relations 

e{-2l) = M^-' for 1 < / < k - 1; e(2/) = e±{0)t/ for 1 < / < A;, 
e±(0)\ = l-^^ e±{Q)u''+' = 1 - t, 

e_(0)(e+(0) - e_(0)) = -e+(0)(e+(0) - e_(0)) = {l + t + ... + P)e±(0)K'=. 

Thus, !K is generated as an i?-algebra by the elements u and v — e+(0) — e_(0), subject to 
the relations 

(t — l)v — uv — 0, 

t(i + t^y = 2(1 + i + . . . + e^)u^^. 

The speciahzation t — 1 gives the Probenius algebra £\u, v\/ {uv, — dvf''^^ with the pairing 

{u'-\ 1) = -((e+(0) + e_(0))^^^ e(l)) = -2(e(2A;), e(l)) = -2. 

Note that this Probenius algebra is isomorphic to the Milnor ring of the singularity -Dd+i- 

In the case, i.e., when = 1, we obtain that is generated as an it!-algebra by the 
elements e±(0), subject to the relations 

(l-i)(e+(0)-e_(0))=0, 

e+(0)' = e_(0)' = -t{\ + i)e+(0)e_(0), 

e+(0)^ = e_(0)^ = 1 - i. 

If we take generators u — (e+(0) +e_(0))/2 and v — (e+(0) — e_(0))/2, the relations become 

uv^{\^t^ t^)u^ + (1 - i - i^)v'^ = 0, 

= 1, ^ -t. 

The specialization t — 1 gives the Probenius algebra C[u,v]/ {uv, 3u^ — v"^) with the pairing 

(«M) = -i 

This Probenius algebra is isomorphic to the Milnor ring of the D4 singularity. 
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7.4 Ej singularity 

In this case of the Ej singularity w = -\- xy^ the maximal symmetry group G = Gw is 
generated by J = (exp(27ri/3), exp(47ri/9)). We will use the identification of G with Z/9 
where m e Z/9 acts on by (exp(— 27rim/3), exp(27rim/9)). We will denote by t the 
character of Z/9 given by (6.5) (with d — 9) and use the identification R — C[t]/{t^ — 1). 

First, let us determine the i?- module !K — ®rnez/9-^rn- We claim that there is an 
isomorphism of it!-modules 

R/{{t -l){l + t^ + f)) ^Jio-.l^ e(0), 

where e(0) = ch(£^) with E = {x'^ + y^,x}. Indeed, the summands of the decomposition 
(2.10) of :Ko are 

H{wof ^C-y^ -dxAdy, H{w±^f = 0, H{wmf = C for m ^ 0, ±3, 

where lo^ is the restriction of w to the subspace of m-invariants in A^. Our claim follows 
from the fact that e(0) has nonzero components in H{Wm) for all m ^ ±3. 

The components !Krn for m not divisible by 3 can be identified with R ■ e(m), while 

:H;±3 = m*(MFz/9(A\ x^)) ~ R/{1 + t^ + ■ e(±3), 

where e(±3) = ch(e*). 

The metric on IK is given by 

(e(m), e(— m)) = 1 for m ^ 0, ±3, 

(e(3),e(-3)) = l-r^ 

(e(0),e(0)) = -(l + ^ + ^2)r^ 

where the last equality follows from the quasi-isomorphism 

7r,^U=o = 0} ~ C[y]/iy^) ® t-^[l]. 

Now let us compute the three-point correlators A^(e(mi), e(m2), 6(7713)). We have q = 
(|, I) and 

r(0,|), = 3/,0</<2, 

^m, = l{l^), mi = 3l + l,0<l<2, 
[(|,^), m, = 3/ + 2,0</<2. 

Note that = implies that |Ea;| — 2. Hence, we have only one case not covered by 
Proposition 6.2.2(ii). 

Case 1. mi = 0, m2 = 1, — 1. In this case — 0{—l), Ly = 0, S^; = Sy = {pi}. 
Thus, we have = -^2 = and Si = {x}. Then by Proposition 6.2.2(i), P{ip) is the 
Koszul matrix factorization {— — y^, x}. Thus, A^(e(0), e(l), e(l)) is given by the class of 
7r*(£^|a;=o) computed above. Hence, 
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In all remaining cases we can use Proposition 6.2.2(ii). Note that A^(e(mi), e(m2), e(m3)) 
is nonzero only when mi + m2 + rris = 2 mod 9. 

Case 2a. mi = Sh + 1, ms = SI2 + 2, mg = 8/3 + 2, where < < 2, Zi + ^3 + ^3 = 2. We 
have Lx — Ly — 0(— 1), Sq — Si — S2 — 0. Hence, in this case 

A^(e(3/i + 1), e(3/2 + 2), e(% + 2)) = 1. 

Case 2b. mi = 3/i + 1, ma = 8/3 + 2, = 8/3 + 2, where < k < 2, k + k + h ^ 5. We 
have = -t'j/ = 0(-2), Si = S2 ^ 0, 5'o = {y}. Hence, in this case 

A^(e(3Zi + 1), e{3l2 + 2), 6(8/3 + 2))^l-t. 

Case 3a. mi = 8/1, m2 = 8/2 + 1, ms = 8/3 + 1, where < /j < 2, /i > 0, /i + ^2 + ^3 = 3. 
We have = Ly = 0{—l), Sq = S2 = 0, Si = {x}. Hence, in this case we have to compute 
the class of the restriction of e(3Zi) to the origin, which gives 

A^(e(8/i), e(8/2 + 1), 6(8/3 + 1)) = 1 - t"'- 

Case 3b. mi = 6, ma = mg = 7. We have = 0(-l), Ly = 0(-2), ,^2 = 0, ,5o = {y}, 
5*1 = {x}. Hence, 

A^(e(6),e(7),e(7)) = (l-t)(l-r^). 

Case 3c. mi = 0, m2 = 8/2 + 1, rn^ = 8/3 + 1, where < k < 2, I2 + I3 = 3. We have 
Lx = Ly = 0(— 1), Sq = S2 = 0, 5*1 = {x,y}. Hence, we have to compute the restriction of 
E to the origin, which gives 

A^(e(0), e(8/2 + 1), 6(8/3 + 1)) = 1 - t-\ 

Case 4a. mi = 8/1, m2 — 8/2, m3 = 8/3 + 2, where < /j < 2, /i > 0, /2 > 0, h + h + h — 8. 
We have = 0, Ly = 0(— 1), Sq = Si — 0, S2 — {x}. Hence, in this case we have to 
compute the class of 7r*(C®*(8)C^*), which is equivalent to computing the pairing ((6(8), e(— 8)). 
Therefore, we get 

A«(e(8/i), 6(8/2), 6(8/3 + 2)) = 1 - 

Case 4b. mi = 6, m2 = 6, m3 = 8. We have L^ = 0, Ly = 0(-2), Si = 0, Sq = {y}, 
S2 = {x}. Hence, 

A^(e(6),e(6),e(8)) = (l-t)(l-0. 

Case 4c. mi = 0, m2 = 8/2, m3 = 8/3 + 2, where I2 > 0, I3 > 0, /2 + /3 = 8. We have L^ = 0, 
Ly — 0(— 1), Sq — Si — {y}, S2 — {x}. Hence, we have to compute the restriction of the 
matrix factorization E Kl C^* on the space x with coordinates {x, y, x') to the subspace 
ax + hx' — y — 0. Restricting to y = we get C®* Kl C®*, so the answer is the same as in Case 
4a: 

A^(e(0), 6(8/2), 6(8/3 + 2)) = 1 - 

The remaining case mi = m2 = 0, m3 = 2 follows from the metric axiom. 
Now we can determine the ring structure on "K. Note that e(mi) ■ 6(m2) is always pro- 
portional to e(mi + m2 — 2) and e(2) is a unit of "K. Prom the above computation of 
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A^(e(mi), e(m2), 6(777.3)) and the formulas for the metric we obtain the following multiplica- 
tion table: 

e(l)e(5) = e(4), e(l)e(8) = e(4)e(5) = e(7), 

e(4)e(8) = e(7)e(5) = (1 - t)e(l), e(7)e(8) = (1 - t)e(4), 

e{5f = e{8), e(5)e(8) = (1 - t), 6(8)^ = (1 - t)e(5), 

e(l)^ = e(0), e(l)e(5) = e(3), e(l)e(7) = e(4)2 = e(6), e(4)e(7) = (1 - i)e(O), 

e(0)e(l) ^-{l + t + t^)t-^e{-l), e(6)e(7) = (1 - i)(l - r^), 

e(0)e(4) = e(3)e(l) = (1 - r=^), e(0)e(7) = e(3)e(4) = e(6)e(l) = (1 - r^)e(5), 

e(3)e(7) = e(6)e(4) = (l-r3)e(8), 

e(3)e(5) = e(6), e(3)e(8) = e(6)e(5) = (1 - t)e(O), e(6)e(8) = (1 - t)e(3), 

e(3)2 = e(0)e(6) = (1 - r3)e(4), e(3)e(6) = (1 - t-3)e(7), 6(6)^ = (1 - t)(l - t-')e(l), 

e(0)e(3) = (1 - r^)e(l), 6(0)^ ^-{l + t + f)t-^e{7). 

It follows that is generated as an i?-algebra by the elements u — e{5) and v — e(l) 
subject to the relations 

u^^l-t, i;^ = -(l + t + i2)rV, + + t^)uv^ ^0. 

The specialization t = 1 gives the Frobenius algebra C[ti,t']/(t'^ + 3u^,uv^) with the 
pairing 

(«2^,l) = (e(7),e(2)) = l. 
Thus, we again obtain the Milnor ring of the same singularity. 

7.5 Eq and singularities 

In the case of the Eq and Es singularities w — + y"^ and w = + the maximal 
group G — Gw of diagonal symmetries coincides with (J). Thus, in both cases we have 
w — Wi ® W2 and G — Gi x G2, where (lOj, Gi) is an 74„-singularity for some n. By 
Theorem 5.8.1, the corresponding Frobenius algebras over R are tensor products (over C) 
of the Frobenius algebras corresponding to {wi,Gi) and (1^2, ^2)- Thus, for Eq we have 
R = C[t\/{t^^ — 1), and iK^g is the i?-algebra generated by u and v subject to the relations 

u^^l-t\ (l + t^ + iV = 0, v^^l-t\ (l + i^ + i« + tV = 0. 

For Eg we have R = C[t]/{t^^ — 1), and is generated over Rhy u and v with the relations 

u'^l-t', {l + t' + t'^y^O, v^^l-t^ {l + t^ + t' + f + t'^)v'^0. 

In both cases the specialization t = 1 gives the Milnor ring of the corresponding singu- 
larity. 
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7.6 Comparison with the Fan-Jarvis-Ruan theory 



Let w he a simple singularity, and let G C Gw be a subgroup containing J. Here we will 
show that our reduced CohFT for the pair (w, G) is isomorphic to the FJR-theory for the 
same data constructed in [14]. Recall that the state space 

of the FJR theory coincides with our state space 

Ji""^ = j{{w, G, 1) = :k!;"'^ 

(see (5.13)). However, the obvious identification of the state spaces is not compatible with 
the operations of CohFT. 

Theorem 7.6.1. The reduced CohFT associated with the pair {w,G) is isomorphic to the 
FJR-theory for the same pair. 

Proof. In Sections 7.1-7.5 we showed that for simple singularities all the components CK^^*^ 
are generated by the Chern characters of Koszul matrix factorizations of rank 1. Therefore, 
by Corollary 5.6.4, the Homogeneity Conjecture holds for {w,G). Together with the results 
of Sections 5.5-5.8 this implies that our reduced CohFT has all the properties established in 
[14, Sec. 4] for the FJR-theory. Therefore, the Reconstruction Theorem [14, Thm. 6.2.10], 
proved for the FJR-theory, is valid for our theory as well. 

We claim that in order to construct an isomorphism of the theories it is enough to 

find an isomorphism ^ : !K'^^'^ ► "K^'^^ of Frobenius algebras respecting metrics such 

that for every 7 G G with (A")''' = 0, the restriction of ip to is the identity map 

C = IK^^'^ IK;^"^^ = C. Indeed, the latter condition guarantees that ip respects the CohFT 
maps in the concave case (see Corollary 5.5.3). For all {w, G) except the singularity with 
the group G = (J), the Reconstruction Theorem implies that both theories are determined by 
the Frobenius algebra structure on the state space along with a certain four-point correlator 
which can computed using the Concavity property. In the remaining case (D4, (J)) a similar 
statement is true as follows from [13, Thm. 4.5]. (The analog of this theorem holds also 
for our reduced CohFT.) Now let us construct the required isomorphism Jf^'' ~ "K^"^^ for 
singularities of each type. 

1. Types A, Eq and Eg. In these cases for every 7 G G we have either (A")''' = or 

^ ry^-FjR ^ Q rpj^^g^ should take ijj to be the natural identification W^"^ = 'K^-'^. 
All genus zero correlators in both theories are computed from the Concavity property (see 
[23], [16]), so they coincide under this identification of the state spaces. 

2. Type -0^+1, G = G^. In this case we still have (A^)'*' = for all 7 7^ 1, but the 
component corresponding to 7 = 1 is nonzero. As shown in Section 7.2, the algebra CK''^'^ is 
generated by the element e{d — 2) and we have 

e{d -2y = e{d-l-i) for 1 < i < d - 1 and 

e{d - 2^-^+' ^ -2e{-i) for 1 < i < d - 1. 
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Note that these relations follow formally from the formulas for the metric, for the correlators 
of Case 2a in Section 7.2 and for one of the correlators of Case lb, 

A(e(0),e(rf-2),e(l)) = -2. (7.3) 

Now we define the map ijj : W^"^ 'K^'^^ by 



V^(e(z)) 



-h i ^ 0, 
e ■ 2yeo, i = 



with e = ±1, where in the right-hand side we use the notation of [14, Sec. 5.3.1] with n = d. 
Our calculations in Section 7.2 together with calculations of [14, Sec. 5.3.1] imply that this 
map is compatible with the metrics and with the correlators of Case 2a. Furthermore, as 
shown in [14, Sec. 5.3.1], 

(|/eo,ed+2,e_i) = ±1. (7.4) 

Therefore, we can choose e such that ip is compatible with the correlators (7.3) and (7.4). 
Such ip sends powers of e{d — 2) to the corresponding powers of 6^+2, and so it is a ring 
isomorphism satisfying our requirements. 

3. Type Da+i, G = (J), d^2k + l. Assume first that A; > 1. Then the algebra Ji'^^'^ is 
generated by the elements u = e(3) and v — e+(0) — e_(0) subject to the relations uv = 0, 
v"^ = du'^^^ (see Section 7.3). Therefore, using the notation and the calculations of [14, Sec. 
5.2.4] we see that there is an algebra isomorphism 



Note that we have 

'e(2/ + l) 0</<A;-l, 
-2e(2/ -2k) k + l<l <2k, 

and similar relations, expressing ej in terms of 63, hold in "K^'^^. Therefore, ■(/'(e(j)) = ej for 
j ^ 0. Finally, the metric on Oi.'^'^'^ is determined by {u'^^, 1) = —2, and we have the similar 
relation for the metric on 'K^'^^. Hence, ip respects the metrics. 

In the case k — 1 the algebra IK''^'^ is generated by the elements u and v such that uv — Q 
and V? — V 

2/3 = -e(2)/2. Calculations of [14, Sec. 5.2.4] show that "K^^^ is generated by 
the elements X — xe^ and Y — yes with the relations 

XY = 0, = -e2, and = --62. 

6 2 

Therefore, the map ip defined by 

ipiu) ^iVS-X, iPiv) = • y 

gives an algebra isomorphism sending e(2) =62. This tp also respects the metrics. 
4. Type Et. In the notation of [14, Sec. 5.2.2], let us define the algebra isomorphism 
ip : !K'"'^°' — )■ 'K^^^ by sending u = e(5) to 67 and v = e(l) to 65. Using the relations 
of Section 7.4 and of [14, Sec. 5.2.2] one immediately checks that sends e(2j) to for 
j ^ 0mod3. Since the metrics are determined by the relations (e(— 2), 1) = (eg, 1) = 1, the 
map ip also preserves the metrics. 
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8 APPENDIX. Functoriality of Hochschild homology 

We will use the notation of Section 2.5. Let C and D be small dg-categories which are dg 
Merita equivalent to smooth and proper dg-algebras. and let F : PeT(ig{Q) Perdg(D) be a 
dg-functor. In this appendix we recall the construction of the map on Hochschild homology 

: HH^e) HH^CD) 

given in [49, Sec. 1.2] and will show that it agrees with the similar map constructed using 
the standard Hochschild complexes (see [55, Sec. 2.3]). 

Recall that our construction in [49, Sec. 1.2] uses the fact that every dg-functor F can 
be reahzed as the tensor product functor with a perfect C — !D-bimodule X: 

F{M) = M (g)e X. 

Let us consider the T) — C-bimodule X"^ given by 

X^{D, C^) - Homa)op_„od(X(C, ?), Hd), 

where hf) is the representable right ©-module associated with D & D. In [49, Sec. 1.2] we 
constructed canonical morphisms 

u : Aq ^ X <S>v and c : X^ X ^ A^, 

in the derived categories of C — C and T) — D-bimodules. The map is defined as the 
composition 

Tre(Ae) ^ Tre(X ®b X^) ~ Tr^{X^ 0e X) ^ Tr^{A^), 

where the isomorphism in the middle is the canonical isomorphism constructed in [49, Lem. 
1.1.3]. 

Let us describe a modification of this construction, convenient for our purposes. Consider 
the functor 

F(2) : Per(e'^ (g) 6) ^ Per(D°^' ® D) 
defined using the tensor products with X and X^: 

F^^\M) ^X^ ®\M®\X^M ®\o^^q {X ® X^) 

for M e Per(e°P (g) 6). Note that F^^) sends a representable 6 - C-bimodule hcY^d to 

^F(Ci)V(g)F(C2)- 

Consider the canonical morphism of functors from Per(C°*' ® C) to Per (A;) 
induced by the map u and the isomorphism 
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(see [49, eq. (1-8)]). Note that on a representable bimodule hcY®C2 the morphism tp is given 
by the map 

Home(Ci,C2)-^ Homi,(F(Ci), ^(Cs)). 
Also consider the canonical morphism in Per(!D°P ® D) 

CP : F^^\Ae) ^ A^. 

given by the composition 

Proposition 8.0.2. The map is equal to the composition 

IVe(Ae) IVa,F(^)(Ae) Tr^{A^). 

Proof. By definition, F^, is the composition of the following four morphisms 

It remains to notice that the composition of the first two arrows is ^^(Ae) while the compo- 
sition of the last two arrows is Tr© (ci?). □ 

Now we will compare our map with the map on Hochschild homology constructed 
using the standard complexes. Recall that the diagonal bimodule Ae has the bar-resolution 
by representable C — C-bimodules (see [30, Sec. 6.6]): 

... ^ Bari(e)(P\Q) ^ Baro(e)(P\g) ^ Ae(P\Q) = e(P,Q), (8.1) 

where we use the notation C(?, ?) = Home(?, ?), and for P,Q E G, 

Bar„(e)(P^,Q) = e(C„, Q) ® e(C„_i, C„) (g) . . . e(Co, Ci) (g) e(p, Co)- 
Computing Tre(Ae) with the help of this resolution and taking into account the identification 

Bar„(e) Ae = e{Cn, Co) ® e(a_i, Cn)®...^ e(Co, Ci) 

Co,...,c„ee 

leads to the standard Hochschild complex C^(C) (see e.g. [55, Sec. 2.3]). Thus, we obtain a 
canonical isomorphism in D{k) 

C^(e)~Tre(Ae). (8.2) 

Note that if C has a compact generator G, then the restriction functor induces an equiva- 
lence of the derived category of C — C-bimodules with the derived category of bimodules over 
the dg-algebra A — C(G, G) that sends Ae to the diagonal bimodule A. Hence we obtain an 
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isomorphism in D{k) between Tre(Ae) and the Hochschild homology of A. To reahze this 
isomorphism on the chain level we can use the subcomplex Bar,(C, G) in the bar-resolution 
with 

Bar„(e, G')(P^, Q) = e{G, Q) ® Q{G, G)®"" ® e(P, G). 

The corresponding subcomplex Tre(Bar,(e, G)) in C^(C) computes the Hochschild homol- 
ogy of A. Similar subcomplexes can be defined in the situation when C is generated by a 
finite set of compact objects G*i, . . . , Gm- The isomorphisms (8.2) are compatible with the 
inclusions {Gi, . . . , Gm}e C C of the full dg-subcategories with objects Gi, . . . , G^ (inducing 
equivalences of derived categories). 

The standard complex C^(?) is functorial with respect to dg- functors between dg- 
categories. Let us show that the induced maps on Hochschild homology coincide with the 
maps defined above. 

Theorem 8.0.3. Let F : C — >■ !D he a dg-functor. Then the map F* coincides with the map 
on Hochschild homology induced by the chain map of Hochschild complexes 

C^(F) : C^(e) ^ C^(D) 

given by F. 

Proof. Assume first that both G and T) have finite number of objects. Then we have the 
dg- algebras 

^=0 e(Ci,C2) andB= D{D,,D2), 

Ci,C2ee Di,D2eD 

so that the categories of modules over C and A (resp., over D and B) are equivalent. We can 
view F as a non-unital homomorphism of dg-algebras f : A ^ B and extend it to a functor 
between the categories of perfect modules 

F : Per(e) = Pcr(A) -> Per(5) = Pcr(D) 

by F(Af ) = M®aB for M G Per (A). We are going to compute the map F* in this case using 
Proposition 8.0.2. In our case the diagonal Ag (resp., An) corresponds to the A— A-bimodule 
A (resp., B — S-bimodule S), and Tre (resp., Tr©) is given by the functor ? A (resp., 
? B), where A^ ^ A'^ ® A. The functor F^^) : Per(^^) Per(5^) sends M e Per(^^) 
to M B^- The natural transformation tp ■ Tre TVd oF^^^ is given by the morphisms 

tpiM) -.M^A-A M®A^B^ (M ®A- B^) B. 

induced by /. Finally, the map Cp '■ F(2)(A) ^ Bin D{B^) is the natural map A (8>yi'= B*^ — )■ B 
induced by /. Let Bai,{A) (resp., Bar,(i?)) be the bar-resolution of the bimodule A (resp., 
B). Then cp is realized by the natural morphism of complexes 

Bar. (A) ^a- B^ Bar.(B), 

given by 

B ® (A^^) (8) B '^^^-^^"^^'"^ B®(B®...0B)0B. 
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Hence, the morphism Trq){cF) is realized by the map 

Bar, (A) B ~ (Bar, (A) B^) (gj^e B Bar,(S) O^e B 

given by 

^ B B®" B. 

Since the map ii;'(Bar,(^)) is given by 

we see that its composition with Trii(cF) is equal to the natural map 

C^(/) : C^(A) ^ C^(5) 

of the Hochschild complexes induced by /. 

Now let us consider the general case. Let X (resp., Y) be a compact generator of 6 
(resp., D). We have the following commutative diagram of dg-functors 

{X}e e 



F' 



T) 



where horizontal arrows are inclusions inducing equivalences of derived categories, and F' 
is the restriction of F. By the first part of the proof, the map (F')* is represented by the 
chain map C^{F') of the Hochschild complexes. The same is true for both horizontal arrows 
by the discussion preceding the formulation of the theorem. Since the inclusion {X}q — > C 
induces an isomorphism on Hochschild homology, our assertion follows. □ 

Corollary 8.0.4. The map F^, : HH^,{Q) HH^{D) depends only on the class of F in the 
Grothendieck group ci/Pcr(C"^ ~'^)- 



Proof. This follows from [31, Thm. 2.4]. 



□ 
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